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ABSTRACT

Collin Kofroth: Local Energy Decay for Damped Waves on Stationary,
Asymptotically Flat Space-Times
(Under the direction of Jason Metcalfe)

We prove local energy decay for the damped wave equation on stationary, asymptotically flat
space-times in (1 4 3)-dimensions. Local energy decay constitutes a powerful tool in the study
of dispersive partial differential equations on such geometric backgrounds, with applications in
areas such as general relativity. By utilizing the geometric control condition to handle trapped
trajectories, we are able to recover high frequency estimates without any loss, which we connect
to a high energy uniform resolvent estimate. Next, we establish medium and low frequency re-
sults, both of which are not affected by the trapping nor the damping. Finally, we combine these
analyses together in order to establish local energy decay. This generalizes the integrated version
of Bouclet and Royer’s work from the setting of asymptotically Euclidean manifolds to the full

Lorentzian case.
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CHAPTER 1

Introduction

1.1 Background

The goal of this work is to establish local energy decay for the damped wave equation on
asymptotically flat space-times with stationary metrics subject to the geometric control condi-
tion. First, we utilize geometric control to recover the high frequency estimate present in |27] for
waves on non-trapping space-times. Since the aforementioned work only utilizes the non-trapping
assumption at high frequencies, this establishes the key step in extending time-integrated ver-
sions of previously-known results for damped waves on product manifolds (see [6]) to the full
Lorentzian setting. From our high frequency estimate, we may apply known results in [27] to con-
clude local energy decay and complete this extension. We will re-prove the required results of [27]
within the framework of damped waves.

Local energy estimates are a collection of rich and well-studied quantities within the field of
dispersive partial differential equations, originally introduced on Minkowski space in classical
works such as [31, 32, 33|, [34]. A particularly important class of local energy estimates are the

integrated local energy estimates; if u solves the homogeneous flat wave equation
n
2 2
0 —Au=0, A=) 02
j=1

in spatial dimension n > 3, then the integrated local energy estimate which we are interested in

takes the form

(1.1) sup <H<x>_1/26u’

Jj=0

e

<
2212 (Ry x{(a)~27}) 1212 (R, X{mw})) S 0u(0)l 2

where @ = (9;, V) denotes the space-time gradient, and (z) = (1 + |z|?)'/? denotes the Japanese

bracket of x. This estimate is known to hold in the flat setting through a positive commutator



argument using the multiplier introduced in the appendix of [43]. In such a case, we will say
that local energy decay holds. This is a quantitative statement on dispersion, and it heuristically
expresses that the energy of the wave must decay quickly enough within compact spatial sets
to be integrable in time. Estimates of this form have significant utility, as they have been used
to prove other important measures of dispersion such as Strichartz estimates (see [7, 8], [16, 17],
[23], [24], [28, 29], [44], [47], and the references therein) and pointwise decay estimates (see [13],
[22], [30], [35], [36], [45], and references in these works). Additionally, local energy estimates have
applications to nonlinear wave equations where one can develop estimates on an appropriate
linearization of the problem, viewing the nonlinearity as a perturbation. These techniques have
been applied in many works; see e.g. [4], [18, 19], [25, 26], [42], and the citations contained in
them. We will be focused on establishing local energy decay rather than demonstrating its utility
via applications.

In [27], the authors proved that local energy decay holds for a broad class of stationary wave

operators if and only if

1. The space-time is non-trapping: There are no null bicharacteristic rays which stay within a

compact set for all time.

2. The operator satisfies certain spectral assumptions: Upon replacing time derivatives in the
wave operator with a complex parameter, one requires that this family of operators have no
eigenvalues in the lower half-plane nor real resonances/embedded eigenvalues (see [27] for
more precise definitions); equivalently, one requires analytic continuation of the inverse (re-
solvent) of this family of operators to the entire lower half plane and continuous extension

to the real line.

They also established results for almost stationary operators, though that is not the context of
the work presented here. While the authors employed a non-trapping hypothesis, their work did
not require product structure on their space-times, which makes their work highly influential in
our own.

Although the absence of trapping is known to be necessary for waves to experience local en-
ergy decay (see [39], [41]), one can recover weak local energy decay estimates with a prescribed

loss at high frequencies for certain types of trapping (see [9], [10], [14, 15], [24], [37], [47], [48],



and the contained references). When the trapping is sufficiently weak/unstable, then this loss is
nominal (in fact, logarithmic); this is the case for both the Schwarzschild ([24]) and Kerr (|47])
space-times. Both space-times possess non-trivial trapped sets, which constitute regions where
light remains for all time. Although one can extract weak local energy decay estimates, the trap-
ping still generates an immutable barrier to full local energy decay. We will not be working in a
scenario that generates loss, although we would be remiss if we did not briefly mention weak local
energy decay and essential space-times that enjoy it.

The study of damped waves also possesses a deep history, especially on compact manifolds.
The seminal work [40] introduced the geometric control condition, which required that all null
bicharacteristic rays intersect the damping region, and they used it to show that the energy of
solutions to damped hyperbolic equations on compact product manifolds enjoys exponential decay
in time. The uniform exponential bound is equivalent to so-called strong stabilization, whereby
one can bound the energy at an arbitrary time by the initial energy multiplied by a monotone-
decreasing, non-negative function tending to zero as t — oo. This established the sufficiency of
geometric control for strong stabilization in such settings, while [39] demonstrated necessity (also,
see [21]). The work [3] showed sufficiency for observability and control on compact manifolds with
boundary where the observability /control region is contained within the boundary. While there
is notably less literature in the non-compact setting, it was proven in [6] that local energy decay
holds for the damped wave equation on asymptotically Fuclidean space-times with stationary
metrics under the assumption of geometric control on trapped geodesics. The authors proved dis-
sipative Mourre estimates to obtain uniform resolvent bounds in different frequency regimes in
order to apply a limiting absorption argument. This approach is highly dependent on the station-
arity of the metric and the product structure (asymptotically Euclidean metrics contain no metric
cross terms).

In this thesis, we combine the approaches of [6] and [27] to establish high frequency local en-
ergy estimates for damped waves on stationary, asymptotically flat space-times satisfying the
geometric control condition without any loss due to trapping. Then, we will establish the medium
and low frequency estimates of [27] and combine the high, medium, and low frequency analyses
in order to prove local energy decay. We underscore that we are not requiring the product struc-

ture evident in [6] but, instead, allow for the full Lorentzian formulation. Non-product metrics



possess non-trivial cross terms and are called non-static, of which the Kerr metric constitutes an
important example. We most closely keep to the framework present in [27], which does not as-
sume product structure and has results for even more general asymptotically flat non-trapping
space-times (such as non-stationary ones). We again stress their use of a non-trapping hypothe-
sis, which we replace by imposing geometric control. Trapping is an intrinsically high-frequency
phenomenon, so only their high frequency work is affected by the trapping. Hence, this is the
portion of the argument that needs modification to ensure local energy decay, and this is where
the influence of [6] comes into play. Since the medium and low frequency analyses (as well as the
procedure of combining the different frequency regime estimates into the full local energy decay
estimate) do not depend on the non-trapping hypothesis nor use the damping themselves, the
corresponding results in [27] readily apply (i.e. our problem essentially becomes a special case
here). For the sake of completeness, we will thoroughly perform all of the analysis in the context
of damped waves. We also do not need our space-time to be stationary for the medium and low
frequency work, so we will prove these without the unnecessary hypothesis.
1.2 Problem Setup and Main Results

Let (R*, g) be a Lorentzian manifold with coordinates (¢,z) € R x R3, where g has signature

(— + ++). We will consider damped wave operators of the form
P=0y+iaD;,  Oy= Dag*’Dp,

104, @ =0,1,2,3.

where a € C2°(R?) is non-negative and positive on an open set, and Dy = 1
Greek indices will generally range over such values, whereas Latin indices will run over the inte-
gers 1,2, and 3. Notice that we are using the standard Einstein summation convention, which we
will do throughout this work. We will also subject g to an asymptotic flatness condition. More

precisely, we first define the norm

[Bllap = > |[@)'lon

o <2

)
01L>0(0,T]x A;)

where A; = {(z) ~ 27} for j > 0 denote inhomogeneous dyadic regions, and €j1 denotes the

¢* norm over the j index. The notation A < B means that A < OB for some C > 0, and the



notation A ~ B means that B < A < B. In the definition of the A;’s, we require that these

implicit constants are compatible to cover R3. That is,

G A; =R3
Jj=0

This allows us to define the AF topology.

Definition 1.1. We say that P is asymptotically flat if ||g — m|| 4 < 00, where m denotes the

Minkowski metric, and

<al

lo] g
) o% <a
H< > £ L ([0,T]x Aj)

for all € N? with |a| > 3.

The latter condition will be necessary for certain functions appearing in this work to be sym-
bolic in the Kohn-Nirenberg sense (we will define this in Section 3.2). We remark that the dyadic
summability assumptions on our metric are weaker than the long-range perturbation condition
present in [6] (which provides a symbolic-type decay estimate for derivatives of the metric in x in
terms of (x)™”, with p > 0 fixed). We will primarily be interested in when g is stationary with
Killing field 0; (in this paper, stationary metrics will be assumed to have this Killing field). In
this case, we will call the operator P a stationary, asymptotically flat damped wave operator.

Next, we introduce

e the parameters Ry and c, which are such that
lg =mllap,, <c<1,

where the subscript denotes the restriction of the norm to {|z| > Ry}. The parameter c
should be viewed as being fixed first, after which we find an Ry for which the above holds.
Without loss of generality, we will assume that suppa C {|z| < Rp} (as it is unnecessarily

beneficial outside of this set).

e the sequence (¢j);>log, R, Satisfying

Hg_mHAF(Aj) S ¢, ch Sec,
J



where |[-[| 4 4,) denotes the restriction of the AF' norm to the dyadic region A;. We may

assume without any loss of generality that the sequence is slowly-varying, i.e.

Cj/CkSQ(Slk_jl, 0 < 1.

These parameters tell us that, outside of a large enough spatial ball, the operator P is a uniformly
small perturbation of the flat wave operator O, = 2 — A (which we simply denote as O). The
sequence (c;) provides a quantitative measure on the size of the AF norm throughout each spatial
dyadic region outside of this ball.

We will also assume throughout that the vector field 0; is uniformly time-like, which essen-
tially constitutes a choice of coordinates. This condition, coupled with the signature of the metric,

ensures that D;g% D; is uniformly elliptic, i.e.

(1.2) gu&E ~ [P, E#£0,

where | - | denotes the standard Euclidean norm. This follows from the positive-definiteness of the

momentum-energy tensor

1
Q] =dp@dp— g Y(dp,dp)g

associated to smooth functions ¢ : R* — R when applied to time-like vector fields (see [2]).

Indeed, if ¢(z) = &7, then one readily computes that
j i iy _ L
Q[a’] = (&da") @ (§;da’) — 597&59-
Since 8; is uniformly time-like, goo < —1. Further, Q[;27] is positive-definite in d;, and so

1 g ,
—igoogwfifj = Q[&27) (0, 0r) 2 €.

In particular, we get the desired lower bound for ellipticity. The Cauchy-Schwarz inequality and

the boundedness of the metric provide the upper bound.



Next, we define the local energy norms

—1/2u‘

u = su T
s =sup )2y

ull g1 = [|0ull L5 + H<$>_1“HLE'

A predual-type norm to the LE norm is the LE* norm, which is defined as

L2102 (RyxA;)

e = 3 (@ 27]
j=0

Here, LY L% denotes the Bochner space LP(R, L4(R3)). In the particular case of p,q = 2, then
this is a Hilbert space; we will use (-, ) to denote its inner product. Lastly, we define the sum-

space norm

17l gz = nt (1l + 1 F2lrs )

If we wish for the time interval to be e.g. [0, 7] in the above norms, then we will use the no-
tation [ull oy » lull Lerjo,zy > 1l Lo,y 1ull L4 £3 L2 10,77 (although we will write LE*[0,T] +
L; L2[0,T] when referring to this space outside of norm subscripts), etc. Subcripting any of these
spaces with a zero (e.g. LE&) denotes the closure of C2° in the relevant space. A subscript of ¢ on
any of these spaces denotes compact spatial support.

There are two additional function spaces that will be utilized extensively in this work. The
first is the class of Schwartz functions S(R*), which will be useful for approximation arguments.
The second is a particular collection of functions which is often the natural class to study wave

equations.

Definition 1.2. Let T' > 0. We define the class Wr to be the space of all functions u € C?([0, T] x

R3) for which there exists R > 0 so that u(t,x) = 0 for all t € [0, 7] and |z| > R. That is,

Wr = {u e C*([0,T] x R®) : (3R > 0)(V|z| > R)(Vt € [0,T]) u(t,z)=0}.



We are interested in Cauchy problems of the form

Pu= f € LE*[0,T] + L} L2[0,T],

ul0] = (u(0),du(0)) € H' @ L2

Remark 1.3. The decay conditions on u € Wy are not as restrictive as they might initially
appear. If the Cauchy data is compactly-supported, then the condition is free by finite speed of
propagation. If it is not, then one can approximate the data (which generically lives in the energy
space) by compactly-supported data. The regularity conditions on u are also not restrictive, as

one can perform density arguments to reduce to the case of increased regularity. |
Now, we state the pertinent local energy estimates for such problems.

Definition 1.4. We say that local energy decay holds for an asymptotically flat wave operator if

the following estimate holds for all T" > 0:

(1.3) [ull o,y + 10ull oo 2107y S NOw(O)| 2 + [[Pull g 4 £1 210,19

for all w € Wy such that u[0] € H' @ L?, with the implicit constant being independent of 7.

The notion of an asymptotically flat wave operator is more broad than an asymptotically flat
damped wave operator. They need not feature a damping term, and they are allowed to possess
general lower-order terms which are asymptotically flat in an appropriate sense (see Definition 1.1
in [27] for a precise definition).

Note that, due to global energy conservation for the flat wave problem, the general defini-
tion of local energy decay that we have given here is consistent with the integrated local energy
estimate for the flat wave equation in (1.1) (in the inhomogeneous case, one applies Holder’s in-
equality to the forcing). This estimate is known to hold whenever P is a small asymptotically flat
perturbation of O (see [1], [25, 26], [29]). In [27], the authors considered large AF perturbations
and proved that, for stationary metrics, the local energy decay estimate (1.3) is equivalent to
assuming that the wave operator P is non-trapping and has no negative eigenfunctions (L? eigen-
fuctions with corresponding eigenvalues in the lower half-plane) nor real resonant states (outgoing

non-L? eigenfunctions with real “eigenvalues,” which are called resonances); see Definitions 2.2,



2.4, and 2.8 in [27] for more precise definitions of these objects. The non-trapping hypothesis only
arose during their proof of a high frequency estimate (Theorem 2.11 in [27]), which took the form

L) Nl g + 10ul e 2oy S 19u(0) 2 + [ (@) + 1Pul s 1220

Y
LE[0,T]

The implicit constant in the above estimate is crucially independent of T'. This estimate does not
require u to be truncated to large time frequencies, but this is the context in which it was used in
proving local energy decay.

The added spatial weight in the error term does not play a particular role in making this high
frequency. Rather, it is the weight that naturally arises when performing a bootstrapping argu-
ment in the proof of the estimate; it is largely unimportant since this estimate can be reduced to

studying solutions with compact spatial support.

Remark 1.5. To see this as an estimate on the high frequencies, let u € S(R*) be frequency-
supported in time for 7 in the range 1 < 71 < |7] < 0o (we will only apply the estimate for such u

in our proof of local energy decay). Then, we can use Plancherel’s theorem in ¢ to obtain that

1
15 72+ ~H |os... 5 7 @7 im0
(1.5) @, - A GLD) Py
1
~ a H <
H tU B, ™ T HUHLEtlz

For large enough 71, this term can be absorbed into the left-hand side of (1.4), providing local
energy decay for solutions restricted to high frequencies.

In fact, we may apply the high frequency estimate (1.4) to u(t — T'/2) to get (after dropping the
uniform energy piece) that

+ |[Pull g1 /2,19 -

lull Lgr =72,/ S 110u(=T/2)|[ 12 + H H LE[-T/2,T/2]

Since the implicit constant is independent of 7', we may take the limit as T' — oo and apply the

prior work in (1.5) to obtain that

lull L S [1Pull - -

This is the context that we will apply the estimate to establish local energy decay. |



Our first main theorem is the following, which states that we recover the high frequency esti-
mate (1.4) of [27] when working with damped waves and replacing the non-trapping hypothesis

with the geometric control condition.

Theorem 1.6. Let P be a stationary, asymptotically flat damped wave operator satisfying the
geometric control condition, and suppose that 0y is uniformly time-like. Then, the high frequency
local energy estimate (1.4) holds for all for all w € Wy such that u[0] € H' @ L2. The implicit

constant is independent of T .

The geometric control condition, initially introduced in [40] for dissipative hyperbolic equa-
tions on compact product manifolds, requires that every trapped null bicharacteristic ray inter-

sects the damping region. We will make this more precise in Section 3.2.

Remark 1.7. The implicit constant in the bound depends on Ry. In fact, much of our work will
implicitly depend on Ry due to our applications of asymptotic flatness. It is essential to note that
this parameter is fixed second (with ¢ being fixed first), after which our other parameters (such
as the scaling parameter v and the high-frequency parameter A which will both be introduced

in Chapter 3) will be chosen (and hence depend on it). We will not track the dependence on

Ry within our implicit constants any longer. Our constants throughout will not depend on T,

however. |
Our second main theorem is local energy decay.

Theorem 1.8. Let P be a stationary, asymptotically flat damped wave operator satisfying the
geometric control condition, and suppose that 0y is uniformly time-like. Then, local energy decay

holds, with the implicit constant in (1.8) independent of T

This follows rather directly from our high frequency estimate and the existing work in [27],
but we will reproduce the necessary analysis, with added details, within our setting.

The structure of this thesis is as follows:

e Chapter 2. This section contains various energy inequalities which we will use in many
subsequent sections. In particular, we will prove a uniform energy estimate, and we will cite
two exterior estimates from [27]. We will not prove the exterior estimates here since the

damping is zero in the exterior, and so the proofs in [27] do not require any modification.

10



e Chapter 3. This section will contain our high frequency work. In Section 3.2, we will in-
troduce the Hamiltonian formalism required to define trapping and geometric control, then
we will state a key lemma (Lemma 3.4) for the proof of Theorem 1.6; namely, we construct
an appropriate escape function and lower-order correction to allow for a positive commuta-
tor argument proof of the theorem. In Section 3.3, we demonstrate various results on the
bicharacteristic flow that are vital for proving Lemma 3.4, which we prove in Section 3.4.
In Section 3.5, we will establish multiple case reductions to simplify the proof of Theorem
1.6, which we prove in Section 3.6. Then, we will provide an application to a uniform high
energy resolvent bound in Section 3.7. This chapter is the most significant portion of our

work, in terms of ingenuity.

e Chapter 4. This section will contain our medium frequency work. This work is based on
Carleman estimates, which are spatially-weighted L?L2 norms with a pseudoconvex weight
function. This will yield local energy decay for solutions supported at time frequencies in
any range bounded away from both zero and infinity. Our main estimate will require two
auxiliary Carleman estimates, one which applies within a compact set (see Section 4.3) and
one which applies on the exterior of a compact set (see Section 4.2). None of the work here
requires the metric to be non-trapping, nor does the damping play a role. Additionally, one

does not need the metric to be stationary.

e Chapter 5. This section will contain our low frequency work. We will analyze our operator
at time frequency zero and obtain results based on weighted estimates of the flat Laplacian
A. Such work will provide us with local energy decay for our damped wave operator in a
small neighborhood of time frequency zero. As with Chapter 4, the trapping, damping, and

stationarity of the metric play no role here.

e Chapter 6. This section contains our proof of Theorem 1.8. First, we prove a simplified
result using our high, medium and low frequency analyses where we remove the Cauchy

data at times 0 and T, then we show that this implies Theorem 1.8.

11



For the remainder of paper, we will fix the cutoffs

X € C2 non-increasing, x =1 for |z| <1, x =0 for |z| > 2,

x
x<r(|z|) = x <‘R’> ,  X>r=1-Xx<r,
and
Xr € 0%, 0< xr <1, suppxr C {|z| = R}.
We will occasionally write » = |z|. When working in frequency variables, we will often add the

variable into the subscript to make the dependence clear (e.g. X|¢|>)-

12



CHAPTER 2

Starting Energy Estimates

In this section, we will establish or cite various energy estimates which will be useful through-

out this work. Our starting point is a standard uniform energy inequality.

Proposition 2.1. Let P be a stationary damped wave operator, Oy be uniformly time-like, and

T > 0. Then, we have the estimate

T
(2.1) [0u(t)||72 < ||Ou(0)]|72 + //\Pu duu|dedt, 0<t<T
0 R3

for all u € Wr.

Proof. Call Pu = f, and define the energy functional

Elul(t) = /Digiijuu — ¢%|0u|? dx.

R3

After integrating the first term by parts, this functional is readily seen to be coercive due to the

uniformly time-like nature of 0, i.e.
2
Elu](t) ~ |0u(t)||z- -
Differentiating in ¢ and integrating by parts,

d g .
—FEu|(t) = — /goo(afuﬁtu + Opud?u) dx + /Dig”Dj(?tuu + D;g" Djudiu dx
R3

RS

= /(gOODt2 + Dl-giij)uata + Ou(g°D? + D;g Dj)udx

R3

13



_ / (~(¢™D; Dy + Djg% Dy + iaDy)u + f) i
RS

+ 6tu(—(g0ijDt + ngOth + iaDt)u =+ f) dx
= 2Re/f@tudzx - 2/&]8tu|2 dx.
R3

RS

Dropping the damping term and integrating the resulting estimate in time yields the inequality

T

El(t) < E[u](0) + // fou|dzdt,  0<t<T.
0 R3

Applying the coercivity allows us to conclude.
Remark 2.2. Note that when Pu = 0, we have the energy dissipation statement

%E[u](t) _ —2/a|8tu]2d:): <.
R3

Applying the Schwarz inequality to Proposition 2.1 provides us with estimates which will

prove useful throughout this work.

Corollary 2.3. Under the same assumptions as Proposition 2.1, the uniform energy estimates

10ull peo 2 < 10u(O)ll g2 + [ Pullprpa

1/2 1/2
l0ull e 2 < 19(0) 2 + |1 Pull 2. ull /2

and

|0ull e 2 S NOuO) 2 + e 1Pull e spppe +elullppr . Ve >0

hold.

14



Proof. By Proposition 2.1, we have the estimate

T
Jou(t)= < louo)s + [ [ Puduldzar, 0 <e<.
0 R3
To obtain the first estimate that we claimed, one applies the Schwarz inequality, takes a supre-
mum in time of Jyu, and uses Young’s inequality for products. To obtain the second estimate,

write

[Pu dyul = (@) |Pul) ()7 |oyul)

in (2.1) and apply the Schwarz inequality and Hélder’s inequality applied to ¢! with conjugate
exponents (p,q) = (1,00). The third estimate follows from splitting Pu = f1 + fo with f; €
L}L2[0,T) and fo € LE*[0,T], applying the work for the first estimate to f; and the work for the

second estimate to fo, then using Young’s inequality with parameter € > 0. O

Next, we cite two useful exterior estimates from [27]. Both of these are relevant when we
are in the region of space where our operator P is a small AF perturbation of O, in which case
we obtain good energy estimates with a necessary truncation error (each will feature different
errors). Since the damping is identically zero in this region, these results hold without any proof
modifications, so we omit them here.

The first estimate will be used in the low frequency regime.

Proposition 2.4 (Proposition 3.1 in [27]). Suppose that P is asymptotically flat and R > Ry.
Then,

(2.2) lull g, S N0w(O)ll 2, + 10ull i, + 1 Pullpps , -

The proof involves estimating u with an extension of its average inside of the R-annulus. No-
tice that we have an error in the form of a weighted L? norm of du. The next estimate removes
the derivative from this error at the expense of the energy at time T'. It will be used in the high
and medium frequency regimes. This estimate is also similar to work in [23] on the Schrodinger

equation.
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Proposition 2.5 (Proposition 3.2 in [27]). If P is asymptotically flat and R > Ry, then
(2.3) lull g, S N10u(O)llz2  + 10u(D)ll2 , + R lull g, + 1 Pull s, -

Their proof is a positive commutator argument using the multiplier Q1 + QQ2, where

Qi = X>2R<\xr>f<rx\>%gﬂmk + Dkbmoxr)f(rxr)%gﬂ

is the principal term, and

Q2 = x>2r(lz)) f(|2])
|z

|| + 27
Detailed proofs of both of these results can be found in e.g. [27], [5].

and j is chosen so that 2/ > R.

is the lower-order correction term. Here, f(|z|) =
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CHAPTER 3

High Frequency Analysis

3.1 Introduction

In this section, we will establish Theorem 1.6. The notions of trapping and geometric con-
trol are intrinsically dynamical, so we will provide a thorough discussion of the relevant theory.
Namely, we must introduce the bicharacteristic flow generated by the principal symbol of the
damped wave operator and the properties that it satisfies. From here, we will construct an es-
cape function and correction term in order to utilize a positive commutator argument and prove
the theorem. The constructed symbols will satisfy an appropriate positivity bound, which will
allow us to apply the sharp Géarding inequality upon swapping to the framework of pseudodiffer-
ential operators. The symbols will also be supported in an unbounded range of frequencies [\, o00)
with A > 1. This will be fundamentally important for bootstrapping error terms resulting from
employment of pseudodifferential calculus.
3.2 Dynamical Framework

In order to state the geometric control condition more precisely, we must first outline our
dynamical framework, which is rooted in the Hamiltonian dynamics pertaining to the principal
symbol of the operator P. Since we assumed that J; is uniformly time-like, the signature of the
metric and the cofactor expansion for the inverse metric tells us that ¢°° < —1, as well. This
allows us to divide through by g% and preserve the assumptions on the operator coefficients (see
[29]). Hence, we may assume (without loss of generality) that g% = 1. Note that since g% was
initially negative, dividing by it swaps the signs of all non-zero metric terms. For this reason, we
will re-label g% (g%)~1 and ¢¥/(g%)~! as —¢% and —g¥, respectively. After these modifications,

the principal symbol of P is

p(r,2,8) = 72 — 279% (2)&; — 9" (2)&€;.
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This is considered as a smooth function on T*R*\ o, where o denotes the zero section. This symbol

generates a bicharacteristic/Hamiltonian flow on R x T*R* given by
ps(w) = (ts(w), 7s(w), z5(w), &s(w))

which solves

is = Tp((Ps(w))a
s = —0p(ps(w)),
T = Vgp(ips(w)),

L §s = _pr(sps(w))

with initial data w € T*R*. Explicitly, one can write the system as

ts =275 — 2goj(x8)[5s]ja
7 = 0,
(Ts)p = —27'39%(1‘3) - 2gkj(138)[£s}ja

(fs)k = 2Tsaxk90j (zs)[&s]5 + 8%9“ (5)[&s)il€s-

\

Since g is smooth and asymptotically flat, and 0; is uniformly time-like, we have a unique,
smooth, globally-defined flow with smooth dependence on the data. We will have particular in-
terest in null bicharacteristics, i.e. those with initial data lying in the zero set of p (also called
the characteristic set of P and denoted Char(P)). Using the flow ¢, we define the forward and

backward trapped and non-trapped sets with respect to s, respectively, as
Iy = {w € T*R*\ o : sup |zs(w)| < oo} N Char(P),
s>0

Ay = {w € T*R*\ o : sup |z_,(w)| < oo} N Char(P),
s>0

oo ={we T*RM\ 0 : |z4(w)| — o0 as s — oo} N Char(P),

A ={we T*R*\ o: |z_s(w)| = 0o as s — 0o} N Char(P).
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The trapped and non-trapped sets are defined as

QfT =Ty N Ay,

O, = Too N Aco,

respectively.
Definition 3.1. The flow is said to be non-trapping if Qf. = 0.

Now, we may state the geometric control condition precisely. Recall that our damping func-

tion was denoted a.

Definition 3.2. We say that geometric control holds if
(3.1) (Vw € OV )(3s € R) a(zs(w)) > 0.

In contrast to the definition in [40] (given in Assumption (A)), we apply this condition specif-
ically to the trapped null bicharacteristics (since all null bicharacteristics are trapped when the
manifold is compact, such a specification was unnecessary in [40]). We will assume that (3.1)
holds. Note that if (3.1) holds and a = 0, then QF must be empty, meaning that the flow is non-
trapping. In this case, we are back in the setting of [27]. For this reason, we will assume that
a > 0 on an open set.

It will be beneficial to utilize a scaling property of P. Given a solution v to Pu = f, consider

o(t,x) ==y 2u(yt, yz), v > 0.
If we call
P = Do’ Dg+ivaDy,  §*(x) = ¢ (ya),  a(z) = a(ya),

then v solves

if and only if u solves Pu = f (we can similarly undo the scaling to move between the frame-

works). Notice that the scaled problem allows for an arbitrarily large constant v in front of the
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damping.
Analogous Hamiltonian systems and trapped sets exist for the principal symbol p of P, and
this amounts to simply replacing g by g. If we assume that geometric control holds for the flow

generated by p, then we must check that it holds for the scaled problem.

Proposition 3.3. Assume that (3.1) holds. Then, for any v > 0, (3.1) holds for the flow generated

by p, with a replaced by a.
Note that since ¢"0 = 1, it follows that §%° = 1.

Proof. The flow generated by p solves the system

d - "N
$ts = 27, — 2gOJ (Zs)[&5]5,
d .
ETS - 07

d . - -

%(st)k = _QTSQOk(xS) 2gkj (ms)[gs]w

d -~ . . .. -~
%(gs)k = 27~'saxkgOJ (-is)[gs]j + axkgw (js)[fs]i[gs]ja

(557%57555755)‘320 = (t,7,2,8).

Applying the chain rule and multiplying through by ~ provides us with the system

( d n ] 3
25 0rts) = 2(v7%) — 26 (v25) &5,
d, .
£(77—s) = 07

L (e = ~207)5" (1) — 2649 (12, by

%(vé)k = 2(v7) (02, 9™ (Y2 [VEs]j + [0 g™ ) (V&) [¥Es)i [Vl

(D)5, (V) (V)5 (¥E)s) |,y = (9, v7, v, 7E).

This is the same system that is solved by the Hamiltonian flow generated by p with initial data

(vt y7, v, YE).

By uniqueness, we can conclude that
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fyts (t7 T? x? é-) = tS (’yt7 ’YT? /yl‘7 ’Y&‘)
VTs(t, 7, 2, &) = (v, yT, Yy, YE)
YZs(t, T, , &) = xs (vt T, YT, YE)

7£s(t7 T, T, 5) =& <7t7 RAENED ’75)
Now, let w = er. From the above, we have that
Fs(w) =y Las(w), W = yw.

Since

sup ‘xs(w)‘ = 7ysup ‘js(w)‘ < o0,
seR seR

it follows that @ € QF . By (3.1), there exists s’ € R so that a(zy(w)) > 0, and so

a(Zy(w)) = a(yEs(w)) = a(zy (w)) > 0,

which completes the proof. O

Now that we have shown that geometric control is invariant under scaling, we will fix a large
~ > 0 and study the problem from the scaled perspective (where our damping is now multiplied
by v) while reverting back to our original notation (x and &, no tildes, etc.). More precise con-
ditions on the size of v will come in Section 3.4. It is readily seen that it is equivalent to prove
Theorem 1.6 for the scaled problem, where we now have a large constant in front of the damping
term.

Our proof of Theorem 1.6 is a positive commutator argument. At the symbolic level, this
requires the construction of an escape function (as well as a lower-order correction). We must
consider the skew-adjoint contribution of P, which will be a purely beneficial term due to the

presence of the damping. Let p and sggeq represent the principal symbols of the self and skew-
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adjoint parts of P, respectively. Namely,

p(r,2,6) = 7% = 27" ()¢ — 9" (2)&¢;

Sskew (T, T, &) = iyTa(x).

The multiplication by 7 in sgge, Will prove advantageous for a bootstrapping argument, which is
precisely why we implement the «-scaling. Now, we are ready to state our escape function result,

which we will prove in Section 3.4.

Lemma 3.4. For all A > 1, there exist symbols g; € ST(T*R3) and m € S°(T*R3), all supported in
€| > A, so that

Hpq — 2iSskewq + pm Z ]l|£\2>\ <£L’>_2 (7—2 + |£|2) )
where ¢ = Tqo + q1-

Here, S™(T*R"™) denotes the m’th order Kohn-Nirenberg symbol class
S™TR") = {p € C=(T'R") : |DEDIp(, )| Sas (€)™}

To each symbol p(x,§) € S™(T*R™), we will associate the pseudodifferential operator

p¥(z,D) : S(R") — S(R™), namely the Weyl quantization of p. This is defined via the action

p(a.Dyute) = ) [ [ ety (T10 €Yt due
R” R®
We say that the Weyl quantization of p € S™(T*R") is an element of the class ¥ (R"), i.e.
U™(R") = {p¥(x,D) : p € S™(T*R™)}. For more on pseudodifferential operators and their cor-
responding calculus, we refer the reader to [12], [46], [49] (the first two for the microlocal frame-
work, the latter for the semiclassical framework).
In the proof of Lemma 3.4, it will be useful to work with the half-wave decomposition (which

allows us to avoid the cross terms in the principal symbol). To that end, we factor p as
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p(7_7x7£) = (T - b+($7£))(7- - b_(x7§))a

where

bt (2, ) = g%¢ + \/(g()jfj)2 + 99&&;.
Observe that b are both homogeneous of degree 1 in ¢. Additionally, they are both signed.
Proposition 3.5. For any (z,&) € T*R3\ o, we have that b¥(z,&) > 0> b~ (x,£).

Proof. Let £ # 0. First, we show that b+ > b~. Indeed, observe that

bt — b = 21/(%¢)” + giigi&; > 0

using the ellipticity (see 1.2). Using ellipticity again, we have that

\/(nggj)Q + 97685 > 1971

Thus,

bt > g%+ g% >0, b < gYe —|g%¢) <o.
0

We will call p* = 7 — b*, so that p = ptp~. In particular, p = 0 if and only if p* =0 or p~ = 0;
due to Proposition 3.5, it cannot be the case that p*(w) = p~(w) = 0 for any w € T*R*\ o. The
Hamiltonians p* also generate flows ¢ (w) = (tF(w), 75 (w), 2 (w), £F(w)) on R x T*R* which
solve the Hamiltonian systems
£y = 0p" (1 (w)),

7o = =0 (5 (w)),
iy = Vep* (o3 (w)),

& = V(e w)
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with initial data w € T*R*. Note that

(i) = —bE (pE(w)),

(€ = by, (5 ().

There is a direct correspondence between null bicharacteristics for ¢4 and null bicharacteristics for

oF.

Proposition 3.6. Every null bicharacteristic for the flow generated by p is a null bicharacteristic

for the flow generated by either p* or p~—. The converse is also true.

Proof. Recall that for any (¢,7/,2',¢') =: w € T*R*\ o, p(w) = 0 if and only if either pT(w) = 0
or p~(w) = 0. Without loss of generality, suppose that p*(w) = 0. The Hamiltonians p and p™

generate the systems

ts = p+(§05) +p (¥s)s
=0,
(3-2) (&) = P (@s)pg, (95) + 7 (0s)pg, (5),

)k = =D (0s)Ps, (05) — P (0s)P3, (05),

\(tsﬂ—s’ $57§5)|8:0 =w

and
th =1,
7 =0,
(3:3) (@5 = pg, (93,
Nk = —pa (¢),
Lt 75l 60| g =,
respectively.
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We claim that since p™(w) = 0, we must have that p*(¢s(w)) = 0 for all s. If not, then

there would exist s' so that p™ (py(w)) = 0, ie. 7 (w) = b (zy(w), & (w)) < 0. However, 77 is
constant and p*(w) = 0, which implies that 7, (w) = 7/ > 0 for all s.

Thus, we can re-write (3.2) as

iS =D (508)7
Ts = 0,
(Zs)k = pi(SOS)pg; (¢s)s

(§S)k =-p (‘PS)p;k (¢s),

(tsa Ts>$sa§s)‘szo = w.

Notice that tT =t/ + s, and so we may re-parameterize (3.3) in terms of ¢™:

d
+
dtjtt-‘r,t/ - ]-7
d
+ —
dti—f—TtJf—t’ - 07
d — ot (ot
(3.5) gt T v - Pe, (P _p)s
d
<dt+§t++t'>k = *p;fk (80:;,,5/),
- + + + _
{ (tt+7t”7—t+7t” xt'*‘ft”gt'*‘ft’) ——

Next, we re-parameterize (3.4) to change the flow variable from s to ¢ (which can be done since ¢4

is strictly increasing and hence invertible), generating the system

p

(o) Ts()» Zo()> Est)) | ey = w-

An application of uniqueness theory yields that ¢ (w) = goj]r_ o (w). The converse is similar by
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reversing the above process. O

When working with the factored flow, the decoupling of (¢,7) and (x,&) allows us to project
onto the (z,&) components of the flow without worrying about loss of information. For this rea-
son, we will write IT, ¢ o o as simply =, where I, ¢(t,7,2,£) = (,&). Notice that when we
project, we are no longer looking at null bicharacteristics but, rather, bicharacteristics with initial
data having non-zero £ component.

Now, we may define all of the corresponding trapped and non-trapped sets for the half-wave

flows as

rf = {w e T*R3\ o : sup |zF (w)| < oo} ,
s>0

AL = {w e T*R3\ o : sup |z%,(w)| < oo} ,
s>0
Q:I:

tr

=TiNAL

tro

Q=0 uQ;,

tro

r: :{weT*R?’\o:\xf(w)]—)oo as s — 00},

[e.9]

AZ :{wET*R3\o:|$f8(w)|—>oo as s — oo},

Qf =1 nAL,
Qoo = QL UO.

Note that the identities
Qg = Hz,&(er)a Qoo = Hz,&(ng)

hold as an immediate consequence of the factoring. Additionally, the factoring allows us to re-

state the geometric control condition as
(weQf = (3seR) (a(zf(w)) >0)) and (weQ;, = (Is€R) (a(z; (w)) >0)).
If w € Q. then it is either trapped with respect the flow generated by p™ or p~ by Proposi-
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tion 3.6. If it is trapped with respect to p™, then there is a time so that w is flowed along a p™-
bicharacteristic ray to a place where the damping is positive, and similarly if it is trapped with
respect to p—.
3.3 Results on the Flow

Here, we establish results regarding the trapped/non-trapped sets and scalings for the flows,
culminating in an extension of geometric control to bicharacteristic rays bounded either forward
or backward in time. These results largely follow the path outlined in [6], although we require cer-
tain scaling results in order to utilize homogeneity arguments in later proofs (which were unneces-
sary in [6] due to their use of semiclassical rescaling). In particular, Lemma 3.10 and Propositions
3.11 and 3.12 are analogous to results in Chapter 8 of [6].

We will start with a scaling result on the flow.

Proposition 3.7. The flows generated by p* satisfy the scalings

x;t(:C?g) = x;t(xa )\6),

NS (2,€) = €5 (2, \€)

for any A > 0.

Proof. Label the functions on the right-hand side as :U;t)\ and 5;5\, respectively. Using the homo-

geneity of bT, the left-hand side (zF, \¢F) solves the system

d

—o7s = Ve (a3, 6) = Ve (o3, 065),

d

o) = AVap™ (a7, &) = ~Vap™ (25,06,

(23,26 | =g = (2, A9),
while the right-hand side solves
d + +/ .+ +
%ws)\ = V£p (xs,)\7§s,)\)’
d
%(5;%)\) = _vai(x;t’)\a 5;%)\)7

(f'jsiwgsfx)‘s:o = (z,XE).
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In particular, (zF, \¢F) and (azsi/\, fgt)\) solve the same ordinary differential equations with the

same initial conditions; applying uniqueness theory completes the proof. O

This scaling implies that the trapped/non-trapped sets, and hence geometric control, are en-
tirely determined by unit speed null bicharacteristics, i.e. by what happens on the unit cosphere

bundle S*R3 = {(z, &) € T*R? : |¢| = 1}. Indeed, observe that

vy (z,€) = a3 (2,&/[€)).

The forward /backward trapped sets are defined in terms of supremums of the above over s, while
the forward /backward non-trapped sets are defined via limits in s, and the prior equation shows
that all of these are unaffected by the scaling in the £ component of the initial data. A more

pertinent scaling is given by the function

The utility of this scaling comes from noticing that b* is a constant of motion under the corre-

sponding projected Hamiltonian flows and that

L ~ 1
ot (z, )|
which we now prove.
Proposition 3.8. For any (z,&) € T*R3\ o,
£ _|~1
b-(z, ) ’

) E ‘ B “i U, 7>

2
bi(,f)‘: 0 \/<s) & &
) T T V) T T e T e e
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Since ||g — ml| 4 p(jp/>r,) < 1, asymptotic flatness guarantees that g% and ¢ — m¥ are small in

the exterior region {|z| > Rp}. Hence,
£ >‘ RS

bt (x, oy fmii 22—
iy €l1El

In the interior region, we are considering b* on the compact set {|z| < Ro} x {|¢| = 1}.

when |z| > Ry.

Since we know that [b*| > 0 for all £ # 0 from Proposition 3.5, continuity guarantees the desired

boundedness here. O

In view of Proposition 3.8, it follows that

5]' 0 *Tp3 ;
€ 80 (T*R3\ o), —1,2,3,
bt (1,7 5) hom( \ 0) J
where S2.(T*R3\ 0) denotes the 0’th-order homogeneous symbol class.

Remark 3.9. As a consequence of the scaling, the sets

I'E =T N eH(T*R3\ o)

AL = AL N ®E(T*R?\ 0)

are invariant under the flow. Indeed, it is readily seen that the (semi) trapped nature is preserved.

Further, since b* is constant along the flow, it follows from Proposition 3.7 that

1

+ (. § _ 1 T i
& (v mem) " e O " FrEm gm0

Now, we prove a key result on non-trapped trajectories.
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Lemma 3.10. If R > Ry and
|25y (2, €)| > max{2R, |z| + 6}
for some (z,&) € T*R3\ 0, 6 > 0, and s’ > 0, then it holds for all s > s, and
|2t (2, )] — o0

as § — 00.

That is, if we can get sufficiently far away from the origin and move radially outward from the
initial position, then the trajectories are necessarily non-trapped. This can be proven directly, but
the computations are simpler if one uses the correspondence between null bicharacteristics for p

and p*.

Proof. Without loss of generality, we will work with the z* bicharacteristic ray. By Proposition
3.6, it suffices to prove the result for the null bicharacteristic ray x4+, with initial data w, where
W is the lift of w to T*R* \ o which is consistent with the comment immediately following the
aforementioned proposition (in particular, the 7 component is strictly positive). For any z €
T*R*\ o, we explicitly calculate that

2 82

82
+ xj:s(Z) . @‘Tis(,z%

0
Saloss()F = | asde)

where
P 2 3 2 3 ' ‘
'asxis(z) = 473 () (Z go'“(l‘ﬂ(Z))) + 4 10" (26(2)) (Exs (2)i) [(97 (226(2)) (€(2))]
k=1 k=1
3
+8)  7a(2) g% (224(2)) 9" (225(2)) (& (2)) s,
k=1
and
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32
xis(z) : @l‘is(z)

= A714(2) (m14(2) )1 [00g ™ (225 (2))] (Tis(Z)goe(wis(Z)) + QEj(xis(Z))(iis(Z))ﬂ
+ 4(2+4(2)) (009" (2£4(2))] (Tis(Z)QOZ(ﬂﬂis(Z)) + QZj(ﬂfis(Z))(iis(Z))j) (€xs(2));

— 2(215(2)) kg™ (x14(2)) (QTis(z)ajgm(xis(z))(éis(z))i - 5;‘9“(9%5(Z))(ﬁis(Z))i(fis(Z))z> :

Since T is constant for stationary metrics, it follows that

Tis(2) = 70 = 0T (e g(2)) = b (21, (e g(2)), €L, (e (2))) ~ €4, (Ma g (2))],

and so
0 25 et 2
o5 leas)P 2 L Mg )P (1= g = mlLar )

provided that [244(z)| > R. In such a case, we have that |lg —m| 45_, <1, and thus

0? 9
@‘l’is(Z)‘ > 0.

By a mean value theorem argument, there exists s” € [0, s'] such that

e (@) > B2
0 -
(eloss(@?)

| 2

> 0.

s=s'!

All together, we have that |z4,(w)|* has positive derivative at s = s”, and its derivative is in-
creasing for all s > s”. In particular, |z4,()|? is increasing for all s > s”, which implies the

result.
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As a consequence, we can use the trapped and non-trapped sets to partition phase space.
Proposition 3.11.
(a) We can partition T*R3\ o as

T*R3\o=Tf UTE = AL UAS,

* + +
T*R3\ o =TF UAL UQE.

(b) TE, AL, QL are open in T*R? \ 0, and TE, AE

£ QF are closed.

(c) If K C QL is compact, then for every R > Ry, there exists T' > 0 so that
[ ()| > R

for every |s| > T" and v € K. Also,
U vf(x)
seR

is closed in T*R3 \ o.

Proof. Without loss of generality, we will only work with the flow generated by p*. Let R > Ry.

(a) It is readily seen that

LyNrd =ALnAL =0.

Let (z,€) :=w € (T*R3\ 0) \ I'}l.. Then, there exists s, > 0 such that
2 (w)] = max{2R, 2] + 1}

By Lemma 3.10,

|z (w)| = oo as s — oo,

which implies that (z,€&) € T'X . This proves the first equality. Proving that

T*R3\ o= A} UAL
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is similar, and the fact that

T*R3\ o =T, UAS UQL
now follows immediately.
We only show that I'l is open, as the rest either follow similarly or by taking complements
and using part (a). Given any (z,¢) := w € 'L, there exists s, > 0 such that
]xjw(w)] > 2max{2R, |z| + 1}.
By continuous dependence of the flow on the data, § > 0 exists so that
/ + (0 + Lo+
0 —w| <8 = g, (w) — 25, (w)] < Slag, (w)].

That is, if |w’ — w| < ¢, then

1
f\x:w(w)\ > max{2R, || + 1}.

+ (o
2, ()] > 3

Sw

By Lemma 3.10, Bs(w) C T'L.

Let (z,€) =: w € K C Q% . As in the proof of part (b), we can find a time s,, > 0 and an

open neighborhood U, of w such that
2L, (w')| > max{2R, |z| + 1} > R

for all w’ € U,. By Lemma 3.10, this holds for all s > s,,. Now, we cover the compact set
K with neighborhoods {Uy }wek, which can be reduced to a finite subcover {U, }j»vzl, with
w; € K forj = 1,2,---,N. Calling 7" = max;<;<n sw,; completes the proof of the first

claim.

For the second claim, observe that the first claim in part (c) implies that for any R > Ry,

UerE)n{lzl <Ry = |J wi(K)n{lz] <R} =o*([-T",T] x K) N {ja| < R}.
seR se[=T",T"]
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Since [-T",T"] and K are compact and ¢F is continuous in the flow parameter and depends

continuously on the data, it follows that the above set is a compact set.

In order to demonstrate that |J ¢F(K) is closed, we take a sequence (w,) in |J ¢F(K)
seR seR
which converges to some w € T*R3 \ o. Say that w, = (7,,&,), and w = (z,£). Since w,

converges, there exists R > Ry so that

wne | ¢E(K)N{le] < R,
se[=T"T"]

Since this set is closed, it follows that

we |J  erE)n{lel < Ry = i () n{lz| < B} € | v (K).
se[=T"1"] seR seR

O

Finally, we show that if one assumes geometric control for bounded bicharacteristic rays, then
it holds for semi-bounded bicharacteristic rays (that is, those which are bounded forward or back-

ward in time).

Proposition 3.12. Assume that the geometric control condition (3.1) holds. If w € I"?;, then there

exists s+ > 0 so that a (x;ti (w)) > 0. The same is true for w € A?;, but with s+ < 0.

+

try

Proof. We will only demonstrate this for '}, as the work to establish the remaining cases is simi-

lar. If w € ', then

try

a :=sup |z] (w)| < oco.
s>0

According to Remark 3.9, [¢f(w)| ~ 1 for all s € R. Thus,

w' = sup o (w)| < oo.
s>0

Then, there exists a sequence (s,,) of non-negative real numbers such that gpjn (w) = w as

sp — 00. For any s € R, the group law for the flow tells us that
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and so

+

e, (W) = Ip 0 o (pd, (w)) =z (W) as s, — oo,

Since s + s, > 0 for large enough n, it follows that |z (w’)| < « for all s € R. By (3.1), there exists
s’ € R for which a(z](w')) > 0. Recall that x;ﬁ+8n (w) = zf(w') as n — oo. Since a is continuous

and s + s, > 0 for n large enough, we conclude that

for some large N. [l

3.4 Escape Function Construction

We will construct our symbols in multiple steps:

1. On the characteristic set. Since we are utilizing the half-wave decomposition, working
on the characteristic set amounts to working on each individual light cone, then combining
together. There are three regions of interest, two sub-regions of the interior region {|z| <

R} and the exterior region {|z| > R}. Here, R > Ry.

(a) Interior, semi-bounded null bicharacteristics. As opposed to working with the
trapped and non-trapped sets, we will first work with the semi-bounded null bichar-
acteristics with initial data living in the interior region {|z| < R}. Working with the
trapped and non-trapped sets can be difficult, since one can have non-trapped trajec-
tories which are bounded forward or backward in time (but not both). Heuristically,
these trajectories constitute the boundary of the non-trapped set. Instead, we will ex-
plicitly work with trajectories which are bounded forward or backward in time. This is

where geometric control is used. This step is inspired by the work in [6].

(b) The remainder of the interior region. Since there is no trapping here, we con-
struct a symbol similar to the one constructed in [6], [11], and [27]. We will need to
make an appropriate modification to avoid trapped trajectories while working with the

half-wave symbols.
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(c) The exterior region. As a consequence of asymptotic flatness, there are no trapped
trajectories here. Hence, this follows from a similar multiplier to that used to prove
local energy decay for the flat wave equation, although the multiplier must be appro-
priately adapted to the geometry. Here, we are motivated by prior work in [23] and

27].

2. On the elliptic set. Here, we construct a correction term. That is, we will construct a
lower-order symbol which provides no contribution on the characteristic set and provides

positivity off of it. This is based on the work in [27].

We will break this construction up into a sequence of lemmas, starting with (1a). While our
construction follows that of [6], we reason differently. Their argument utilizes semiclassical rescal-
ing, which provides compactness for their interior, semi-trapped set. Since we are sticking with
the microlocal framework, we instead utilize homogeneity arguments to obtain this compactness.
This is one of the reasons to work with the half-wave decomposition (the other being related to
step (1b), which we will outline once we get there).

With this in mind, we will utilize the sets

O = (T UAE) N {lz] < R},

oE= + *

OF = Q5 NOE(T*R?\ o).
As a consequence of Proposition 3.8 and Proposition 3.11(b), the latter set is compact.
Lemma 3.13 (Semi-bounded Escape Function Construction). There exist ¢= € C(T*R?\ o), an
open set Véﬁ S QL and CF ¢ R so that

Hpiqi +C*a >R ]lvg.

Further, ¢& = i o ®*, where ¢ € CX(T*R3\ 0).

Here, ® € SP. (T*R3\ 0) is the scaling function introduced in Section 3.3. The fact that we
omit the zero section is unavoidable, but it is non-problematic; we will introduce high-frequency

cutoffs to our symbols later on which allow for smooth extensions to all of phase space.
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Proof. We will first construct a symbol qf and an open set Vf{ D Qﬁ such that
ffpquli + C’ia RR ]lvg.

To that end, let w* € QF. By Proposition 3.12, there exists s,+ € R for which a(z¥ L (w®)) > 0.

+

Swj:

Say that 2ay,,+ := a(zf _(w?)). By the continuity of the flow in the initial data, there exists

+

Swi

a neighborhood U= of w* so that a(x¥  (2)) > a,= for all z € U,+. Select a smooth cutoff
Xt € C(T*R3) so that supp X+ C U,+ and x,+ = 1 on a smaller neighborhood V,,+ of w™.
Now, we define a symbol on T*R3 \ o given by

St

Qu+ (1‘75) = / (Xwi o 90%5) (.’E,g) ds.

Such a symbol is readily seen to be well-defined, and it is smooth by the aforementioned

smooth flow dependence on data. Next, we demonstrate its symbolic nature. By continuity

of the flow, ﬂ%s jE](ij[) = ©F([0, 8,¢] x Uyx) is compact. If (2,€) ¢ @%s i](ij[), then

(2,€) ¢ ©E(Uyz) for any s € [0, s,]. Then, ¢* (z,€) ¢ Uy= for any s € [0, s,,=], implying that
G (z,€) = 0. Hence, g,+ € C(T*R3\ o).

Applying the Hamiltonian vector field H,+ gives us

SwE SwE

H,xqy: = / Hy (Xt 0 9T,) ds = — / Os (Xut © 9=5) dS = Xut — Xut © ¢:Eswi.
0 0
Notice that the term —yx,,+ o goj_ts . Is non-positive and that

supp (Xw;t o gojfswi) - {v : goj_tswi (v) € Uwi} = {v tvE @fwi (Uw;t)} CH{z:alz) > au+}.

Using this support property, we can use the damping to absorb the poorly-signed term and obtain

non-negativity of Hy+q,+. Indeed, if we call C\+ = 2(+ )71, then we have

Xwt © P—s, o + Cpra(z) > 0.
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Thus,

Hysqu+ +Cpra 2 1y .

. S ) . m
Since 3; is compact, we can reduce the open cover {V,,+ }wieQﬁ to a finite subcover {ijj_[ L,

with each w € Q. Call

m m

rt + +

VR = U Vw;-‘L’ ql = quf’ and C = chi
j=1 j=1

This provides us with a symbol ¢ € C°(T*R? \ 0) so that
+ + T oE=

Finally, we will extend the above estimate from an indicator on Vét to an indicator on a neigh-

borhood Vlfzt D Qﬁ. Consider the function ¢& : T*R3 \ 0 — R given by
¢* = q¢f o d*.
Since geometric control is invariant under ®*, we can see that ¢* # 0. By definition,
Hysq*| o = o (06056 |y
, S
Since bT is a constant of motion for the Hamiltonian system generated by pT, it follows that
(Vab®) (a7, € + (Veb™) (a7, €0)65 =0

for all s. Using this, we calculate that
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0 () = ( <$ |bixs,5s>|>>

= (V2 (. 5,§s>|> (&)

. (6 (o, €56 — € ((Vab) (o, 65)3F + (Veb®) (o, €)X )
+ Vead) (o8 it |> CEENELE
(v, i’f) Vept) (@,
Vo) (5 et ) (Tt 68)

_; + + 53[ ) (.t E
(o gy e <x TEa ey Ve @ &)

+ +
- (vz(ﬁ:) (ﬂﬁfa |l):t<«f§§3:)|> : (vﬁpi) (xétv \bi(xiifgt)\)
_ (v i) ($i gét ) . (V :I:) (le: E;t >
O e eh) T T G 6))

+
:Hpiql ‘(zi e )7

S ket D))

where we have used homogeneity to obtain that

+
(Vep®) (25, 65) = (Vep®) <x§E7 %)

and

o + oy _ (e &
e T o) = Ot (o )

If we define Vét = (¢*)~! (Vg) , then we have an open neighborhood of Qﬁ such that

Hpiqi’(m@ + C’ia(:c) = Hpiqlﬂ( P ) + C’ia(fﬂ) 2 (1\'/5 S ‘I)i> (x,8) > ]lvg’

Lo (@0)]
since CIDi(VéE) C Vét O

Now that we have completed step (1a), we move on to parts (1b) and (1c). Step (1b) pertains
to non-trapped null bicharacteristics in the interior region. The symbol that we produce follows
the construction appearing in [11] and utilized in many other works, such as [6] and [27]. Like

in [27]|, we perform a factoring argument. The reason for studying the half-wave decomposition
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is due to the presence of a cutoff needed to make our constructed “symbol” genuinely symbolic.
In the unfactored setting, cross terms in the metric arise when differentiating the cutoff in the
computation of the Poisson bracket, generating an error term that is difficult to control. In the
factored setting, this error can be handled straightforwardly.

Step (1c) takes place in the exterior region. This is of little concern, as we possess robust
exterior estimates. We utilize this symbol as a means of bootstrapping the aforementioned error
term, which will be compactly supported in the region where the exterior symbol has strictly
positive Poisson bracket with p*.

To these ends, we will analyze both half-waves simultaneously (as in Lemma 3.13). While this
portion of the argument follows the one given in |27], it does require a modification; the escape
function on interior, non-trapped null bicharacteristics needs an appropriate adjustment to ensure
that it avoids trapped trajectories. We start with a proposition where we construct a function
that will be used for the previously-described error absorption. The construction of this function

comes from e.g. [27], [44].

Proposition 3.14. Let 0 > 0. Then, there exists f € C* satisfying f(r) ~, 1 when r > Ry and

f'(r) = oc;279 f(r) whenr ~ 27 > Ry.
Here, (c;) is the slow-varying sequence introduced in Section 1.2.

Remark 3.15. Although the sequence (c;) is not defined for all natural numbers, the indices

where it is not defined index finitely many dyadic regions (in particular, they omit where the op-
erator P need not be a small AF perturbation). Since this region is compact, we can extend the
sequence to such indices in an arbitrary manner. The typical way that this sequence is extended

is by choosing ¢; so that [|g —m|| 4 F(4)) < ¢; for the previously-undefined indices j. [

Proof. As in [44], we can construct a smooth function ¢(s) from the sequence (c¢;) such that
c(s) € (¢j,2¢;) for each s € (27,271) and |¢/(s)| < s Lc(s). Since (¢;) is a positive sequence
which converges to zero, it has a positive maximum, say cy. Then, we observe that

2
51/ d

cSey <2V 42N = .

/ d(s)ds
2N 4 oN-1
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and

0Ocs) o ¥ 2¢ >
J e —
/SdSSZ/Zde—2ZC]<C
1 7=0"9; 3=0
That is,
o
/Cs)dswc
s
1
Now, set

for r > Ry, and

for r ~ 27. O
Now, we complete steps (1b) and (1c).

Lemma 3.16 (Non-trapped Escape Function Construction). Let R > Ry. Then, there exist

gt € C®(T*R3\ 0) and W* C Q% so that Vi UW* =T*R3\ 0 and

H

gt 2027 e, 2| = 20

Further, ¢* = 5qij; + qfut, where q?; = cj;fl o ®F with cjf; € C®°(T*R3\ o) is supported in {|x| < 4R},

g, € SPL(T*R3\ 0), and £ > 0 is sufficiently small.

The inclusion of the sequence (c;) is necessitated by the prior proposition, which is used for
bootstrapping purposes in the exterior region. Its slowly varying nature allows one to work in
the weight (x) ™2 from the powers |z| ~ 277 which will arise in the exterior (there is no trouble

working in the weight (z)~? in the interior region by compactness).
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Proof. Choose 1* € C(T*R?\ o) such that

supp ¥ € OF N {le] < R} N &(T°R*\ o),

YE=1on Uy = (L N {|z| < R} N O=(T*R*\ 0)) \ Va,

where R > Ry. Now, we define the function
740, = —xonllal) [0 pE @O ds. (@08 TR\
0

Since non-trapped null bicharacteristic rays must exit any compact set after a finite amount of
time, this integral is well-defined for each (z, &) € T*R3 \ o, which establishes cﬁl as a well-defined
function. It takes more work to show that (j;'; is smooth. Similar to [6], we will begin by estab-
lishing a maximal amount of time that bicharacteristic rays can remain in the support of the inte-
grand. We already know that supp ¢* is compact. Let V* be an open neighborhood of supp 1
such that VE C QL. Take V¥ = K in Proposition 3.11(c), and let 7’ be as given in the proposi-
tion.

We claim that every point w™ € T*R3 \ o has a neighborhood U+ of w™ and a time s,+ >
0 such that (¢* o pF)(2) = 0 for every z € U,+ and s € Ry \ [s,%,8,+ + T']. That is, all
bicharacteristics (with speed ~ 1) can spend no more than time 7’ within supp ¢*. The time s,,+
bears no similarity to the variable of the same name in the proof of Proposition 3.13.

As a direct consequence of Proposition 3.11, we may take U,+ = V* and s,+ = 0 whenever
w* € suppy* C VE If

wt ¢ | ¢*, (suppy*) = A%,
seR

then the fact that AT is closed provides an open neighborhood U,+ of w* such that X*NU,= = 0.
For each z € Uy,=, we have that ¢F(z) ¢ suppo™ for all s € R, i.e. (¢F o pF)(2) =0 for s € R.
Hence, this case holds with U,+ as defined and s+ = 0. Finally, let w™ € X* \ supp*. Then,
gogt, (w*) € suppy* for some s’ € R\ {0}. If ' > 0, then we can combine this with the fact that
¢ (w) ¢ suppey™ and the continuity of the flow to obtain s,+ > 0 such that cp;,twi (w) € V* and

o (w) ¢ suppe* for all s € [0,s,,+]. By continuity of the flow in the data, we can extend the
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above to a neighborhood U,,+. That is, there exists a neighborhood U,+ of w® so that for all z €
U+, we have that ¢F | (2) € V= and (= 0 ¢F)(2) = 0 for all s € [0, s,,+]. Applying Proposition
3.11 to K = V¥ implies that (i)™ o pF)(2) = 0 for all z € U,+ and s € [0, 8,+] U [s,,+ + T7,00). It

remains to consider if we cannot assume that s’ > 0. In this case,

wt ¢ | oF,(supput) = At

SER+

Note that X7 is closed by the same logic which showed that X'+ is closed (see the proof in Propo-
sition 3.11(c)). From here, one can simply proceed as in the case where w* ¢ X +,

Using this result, we know that the integral present in Q’?;L is always over an interval of maxi-
mal length 7. Hence, differentiation under the integral sign is non-problematic and in view of the
regularity of the flow map, we conclude that cjffl € C°(T*R3\ 0). Additionally, it is supported in

{|z| < 4R}. In particular, it is smooth and bounded in all derivatives on the compact set
{|z| < 4R} N ®E(T*R?\ o).
Now, consider the smooth function
& =G odF
defined on T*R?\ 0. As in the proof of Lemma 3.13, we get that
Hpiqz‘ﬂ(x,g) = Hp Cﬁz‘@i(z,g)'

Now, we calculate that

_ £
Hpiq;&z‘(pi(x{) = X<2R(\UC’)¢i (907 M)
I § |z| = §
2R’ <m Ibi(x,é)!> ER ( )/w < Ibi(%é)l) o

The first term is non-negative, supported in QX N {|z| < R}, and equal to 1 on U* := (I>_1(U§).
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The second term is an error term which is supported in {2R < |z| < 4R}. The primary purpose of
the exterior multiplier is to absorb this error term. To that end, let
+ + Tk
out = —X>R(‘£B|)f(‘l”)b£k‘ ’
where f is the function constructed in Proposition 3.14. It is easy to see that ¢&, € SP L (T*R3\ o),

as it is smooth, bounded in all x derivatives due to asymptotic flatness, homogeneous of degree 0,

and satisfies the appropriate symbol estimate. One can readily compute that

_ 7 + Ty + TjTk f(‘g;D xja N
iy G = b£k| ,X>R(’x‘) ﬂx’)bsjerbEk (5jk—|xg) X>R(’1’\)W 0j1 — PR be,
1 (1= :txk + T 1
R ( R)b g (o £+ O 1991l

We remark that the last term is small for || > R by asymptotic flatness (and it is localized to
this region due to the cutoff), while the remaining terms are all non-negative. The third term is
non-negative and supported in the annulus {R < |z| < 2R} due to the support of x’. Making o
large enough and using asymptotic flatness provides that, for any |z| ~ 27,

. b:t2
) (g g - VT

x| 2 ?

o |z - Veb™|?
Hye G > 5¢i27 FlD)xor(e) = +xr(lz)

2 27 x5 R(|2])| Vb

> ;27 x> p(|7]).

Thus, H

pE qin is non-negative, strictly positive for |z| > R, and

H iqout ~ C]2 j X>R) |.CC‘ ~ 2j‘

Recall that the error term in H,« g;, is bounded and supported in {2R < |z| < 4R}, and Hp« a,

is strictly positive on the support of this error (with a uniform bound from below on this set).
Define

qjE = sqi + qfut € C'OO(T*R?’ \ 0),

where 0 < € < 1. By choosing ¢ sufficiently small, we may absorb the aforementioned error due to

44



our prior discussion, obtaining that H,+ ¢* is non-negative everywhere and positive on
Wt =UrU{(z,6) € T*R3\ 0: |z| > R}.
By Proposition 3.11(a),

Vi UU* = Vi U (% n{lel < RY\ Vi)
O (95 U Q) N{|z| < R}

= (T"R*\ o) N {|z| < R},
and so

Vi uU* = (T"R*\ o) N {|z| < R},

VEUWE = TR\ o.
We have already shown that
Hyrqt ~1 (z,6) e U*

and

Hpj[qjE pe cj2_jX>R, |x| ~ 27,

The latter estimate readily extends to

Hyeq® 2 ;27 e, |z~ 2

by the compactness of the interior region {|z| < R}. O

Now, we combine on the light cones to get our desired symbol ¢, as well as obtain positiv-
ity on the elliptic set (step (2)). This largely follows the steps present in [27], although we have

additional technicalities resulting from the damping.

(Proof of Lemma 3.4). Let qfc denote the symbol ¢* constructed in Lemma 3.13 (not the symbol

qli from the same lemma) and qét denote the symbol ¢* constructed in Lemma 3.16. We remark
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that, as a consequence of the chain rule, both symbols satisfy the standard S° bounds for [£] > 1.

First, we truncate to the high-frequency regime via the symbols
£ = e (b, G =1,2
qj,>)\ =e X>)\(| ’)7 J=4544

where ¢ is the parameter in Proposition 3.14. We assume that A\ > 1. The exponentiation is
implemented for bootstrapping: taking derivatives of the exponential will provide multiplication
by o > 1. Since |b*| ~ |¢], these cutoffs genuinely truncate to high frequencies when \ is large.
Further, the truncation to || 2 1 eliminates the singularities of qjj.c, ie. q]j-EX>)\(\bi|) smoothly
extends to an element of S(T*R3).

We claim that exponentiation preserves the symbol class, so that q;.%> )\ € SO(T*R3). We can
immediately see that qji7> ) is smooth. Note that for || > A, the exponentials e"qji are bounded
since qji are bounded, and for |{| < A, we immediately have that qji’> 4 = 0. When checking the

symbolic nature of ¢

o We only need to study the boundedness of the £ derivatives since our

symbols qj.c are bounded in all derivatives in x. Taking a partial derivative in £ provides that

+
e’

oqF bi
agkqf» =ge’% (3£kqjt)x>>\(|b:t|) ¥ X (8§kbi)X, <‘)\|> .

The first term is (’)(<§>_1), and the second term is compactly supported in £. Due to the afore-
mentioned compact support, we only need consider further £ differentiation of
Ue”qu'[(agkqf))b)\ﬂbﬂ). If the ¢ derivative lands on the exponential, then the result is O((&)~?)
by the prior argument. If the derivative lands on Ggqj-[, then the same asymptotics hold since
(95qu-E € SL(T*R3). If the derivative lands on the cutoff, then the result is compactly-supported in
¢ . This establishes that qji’>>\ € SO(T*R3).

Now, we combine the symbols constructed on each light cones together as

Q(T, x7§) = (T - b+)(q1_’>)\ + q2_7>)\) + (T - bi)(qi’:>)\ + q;:>)\)'

Calling

QJ = (T - b+)Q;>A + (T - b_)q;>/\7
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we can see that

(Hpq + QWTCLQ)‘T:bi = (Hpq1 + QVTGQ1)|T:bi + (Hpgo + QVTQQQ)’T:bi
= pQ1 ‘T:bi + 2fyb:t(b+ - bi)G’Qit’>)\

+ HPQQ‘T:bi + 29bF (b — b*)aqéf»\.
We will work with each term in the last equality separately. First, we compute that

Hqu|T:bi = (b+ — b_)QHpiqj;)\
+ + + +
+(bF — b$)qj7>>\(bfjbifj — bijq;_)
—\2 + +
=0T —b7) qj7>/\Hpiqj

+ (b = 0T) g\ (b b, — by bY).

&5 T Zj 7,

B? Hlakillg g suﬂiciently large, we get that
H,q 1 bt — b )20E +
PYJ | r=pt > 20( ) qj7>)\f‘[piqj —+ Ej ,

where Eji are error terms which are supported in a neighborhood of the region where H,= qji =
0. These terms are non-problematic, as they are readily absorbed into the above estimate with
differing j when we combine the estimates together. Hence, we will drop the E]j-[’s for ease of
notation.
Observe that
bt

~ 1.

bt — bF

By choosing ~ large enough, we may apply Lemma 3.13 to obtain that

1

(3.6) (Hpq1 + 2’y7’aq1)’T:bi > 50(b+ - b_)2qli7>AHpiqf + 2’ybi(b+ - b_)aqf»\
1 —\2 4 +, (Y b+

N
2 lePay (Hyeaf + La)

2 Ligzally sl
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Notice that v depends on ¢ (and o).
For the j = 2 term, we use the prior computation, the fact that the damping term has positive

sign, and Lemma 3.16:

1 _ _
(3.7) (Hpq2 + 2y7aqe)|__y. > 5a(b+ — b ) g Hyr gy £ 2907 (b7 — b7 )agy .,

LigoaLlw+c277[€[% || = 27

Vv

Recall that VRi UW* = T*R?\ 0. Combining (3.6) and (3.7) together, we conclude that

(Hpq + 2y7aq)|__ye 2 Lig=a(z) €%,

where we have used the slowly-varying, summable nature of (c;).
This provides the desired bound over the characteristic set. To extend it to all of phase space,

we must construct a lower-order correction term. Explicitly, we seek an m € S° so that
)
Hypq+2y7ag +mp 2 Ligsy ()2 €

If we write

Hyq + 2varq = a07'2 + a7 + as,

where a; € 57, then we have already established that
(3.8) ao(z,€) (0" (2,€)* + a1 (w2, 6™ (2,) + az(2,€) Z Ligp=a (@) 72 €]
So, we must analyze the quantity
aom + a17 + az + pm = (ag + m)t* + (a1 — (b7 +b7)m)7 + (a2 + bTb m).
If we choose m so that

(3.9) ag+m>0,  [¢{=>A
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and

(3.10) (a1 — (5 +b7)m) — d(ag +m)(az +b7b7m) <0, |6 = A,

then we will have that ag7? 4 a7 + az + mp is positive for |¢| > A (the first condition on m
guarantees that this polynomial in 7 is concave up, and the second guarantees that there are no
real zeros).

Let us begin by focusing on (3.10). The function

P(m) = (ay — (b7 +b7)m)? — 4(ag + m)(ag 4+ bTb"m)

= (b" —b7)?m? — (21 (bT +b7) 4+ 4aphTb™ + daz)m + (a? — 4agas)

is a quadratic polynomial in m with a positive coefficient on the quadratic term, so it will achieve

a minimal value at
ar(bT +b07) 4+ 2(aghtb + a2)
B (bF —b7)2 '

It is readily seen that m € S° and that m is supported where |¢| > . This minimal value is

a; (bt + b~ aob™b™ +as)
O R R e

ar (bt +0b7) +2(aphb™b™ + ag) a1 (b7 4+b7) +2(apbtb + a2)
—4
(ao-i— (b+ _b_)2 a2+b b (b+ _b_)2
(ao(b™)? + a1b™ + az)(ap(b™)? 4+ ar1b™ + a2)
(bt —b7)?

= 40T —b)72 ((Hpq + 2v7aq) ’T:bJr) (Hpq + 2v7aq) ‘T:b*)

=4

<0,

where we have used (3.8). So, (3.10) is satisfied. To establish (3.9), one can readily check that

a1 (bt +b7) +2(apb™d” + ag)
(bt —b7)?

ap+m = ag +

= (b7 —07) 2 ((Hya+ 297aq)| e + (Hya+ 297a0)] _, )

>0
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for |£] > .
This gives us that

Hyq + 2yTaq +mp >0
for [£] > A. In fact, we can check that the minimal value of H,q + 2y7Tag + mp in 7 for |{| > X is

(ao(0T)* 4+ arb™ + az)(ap(b")* + arb™ + az) ((Hpq + 2’yTaq)}T:b+) (Hpq + 277'aq)’T:b_)
(ap(bT)2 + arbt + az) + (ap(b)2 + a1b= + az) (Hpq + 2’y7aq)}T:b+ + (Hpq + 2fyTaq)‘T:b, ’

The numerator is bounded below by (z)~*[£|*. In view of the support and symbolic properties of

g, the denominator satisfies the bounds

(Hpq + 2y7aq)| _,. + (Hpg +2y7aq)| _, ~ (x)? ¢

Since [b*(x,&)| & |¢] and |7| = |[b*(x, &) in the above, we conclude the desired result.

3.5 Case Reductions
In this section, we will reduce the proof of Theorem 1.6 to a simpler problem.
Case Reduction #1: It is sufficient to prove Theorem 1.6 when the initial data and forcing are

supported in {|z| < 2Ry}.

Proof. Call the forcing term f. Let P be a small AF perturbation of O which agrees with P for

|x| > Ry, and suppose that v solves
Pv=f, v[0] = u[0].

Consider the function % = u — x> pg,v which has the following properties:

(a) Its Cauchy data is compactly supported in {|z| < 2Rp}: Indeed, @[0] = u[0] — x> r,v[0], which

is u[0] for || < R and zero for |z| > 2Ry.

(b) Pu is compactly supported in {|z| < 2Rp}: Indeed,

Pu = f - P(X>R0U)a
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which is f for |z| < Rp and zero for |z| > 2Ry. More specifically,

Pii = f = Xor P+ O(Ry )X’ Gﬁ') Vo] + O(Ry )X (';') v
0 0

|z]

= f = x>rof + O(Fg )X’ <Ro> Vol + O(Ry ) X" (';0') v

We also record that

~ L o
Poxsrolo = OB (2] (wol + 0Bz 2 (1) w.
Ry Ro

Since P is a small AF perturbation of O, local energy decay holds for P. Applying the local en-

ergy decay estimate to functions x> p,v and v gives

x> R0Vl Lo, + 100> oV Lo 210,77 S 10O Rev) (O)I L2 + 1 F | Ly L2 200,77 + HUHLE}?O[O,T] ,

and

1ol Lo,y + 1001 oo 210,07 S 10w(O) 2 + 1 F | Lpe 2222 00,77

respectively. Notice that the prior commutator estimate was used in the first of the two inequali-
ties above. Combining these two estimates and utilizing the Hardy inequality on the term

|(Vx>Ro)v(0)] 12 yields that

HX>ROU||LEl[o,T] + ”a(X>Ro)U||Lg°Lg[o,T] S [10u(0)]| 2 + ||f||LE*+Lng[o,T] :

We claim that it suffices to prove (1.4) for u. If such an estimate held for @, then

lull Lo, H10ull oo L2 10,77 < Nl Lo, HIOUN Loo p2 10,11 X5 Ro VI L1 0,77 1O (X Ro V| oo 120,77

<10a(0) 52+ (@) 2 al 1P ggzpom + 10w 2 + 1l 2220

N0uO)p + |02, Il sapzzom

The only term which we have not shown how to deal with is the middle term on the right-hand
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side of the prior inequality, which is relatively straightforward:

-2 - -2 -2 -2 —1
e L P ek PR (L s S e
<N0uO)s + |0 | I snizzom
Thus, it suffices to prove (1.4) for 4. O

Case Reduction #2: It suffices to prove Theorem 1.6 when u[0] =0 and f € LE}.

Proof. Suppose that we have the estimate

(3.11) il prio.zy + 190l 2o S [0 2|+ I1Pul Loy

L

with u[0] = 0. Set up the equation Pw = g € L} L2, with w[0] non-trivial. We can write w =

Z wp, where wy, solves
k
Pwy = 1k 111 (8)g,

with w[0] = w[0] and wg[0] = 0 for £ > 0. By uniqueness, if £ > 0, then wy vanishes for times

t < k. We will approximate w with Z,@k(t)wk, where g € C2°([0,00)) and S, = 1 on [k, k + 1]
k

and identically zero for t < k — 1 (except for k =0) and t > k + 2.

We begin by establishing the estimate

k+1
(3.12) Z (HBkwkHLEl[O,T] + Ha(ﬁkkaLf‘?L%[O,T}) S NOw(0)]l 2 + Z / lg(s)ll 2 ds.
k ko5,

For the first term on the left,

||ﬂkwk||LE1[o,T] N ||a(ﬁkwk)||LE[o,T} + Hr_lﬁkwkHLE[O,T]

S ”B(ﬁkwk)HLgOLg[o,T] :

To obtain the last inequality above, we bounded the first term by taking the supremum in ¢ (note

that the interval has length one) and the second term by using the Hardy inequality. Now, we
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work to bound Ha(ﬁkwk)HLgoLg . Note that

10(Brwe)ll Lo 2077 < 1wk Bl oo 270,77 T 1 BkOWE | oo 27077 -
t a:[ } t z[ ] t z[ ]

We will estimate the first term on the right using the Fundamental Theorem of Calculus and the

Minkowski integral inequality. For & > 1,

t
Jusdsfelz 2101 = 300 1246l [ Do) ds
te[0,7) 7

L}
t
< sup [OBk| [ [[0swr(s)llp2 ds
t€[0,T] W
S HatwkHLf’Lg([kfl,k+2]) )
and for k = 0,
2
|’w08t/8kHLf°L%[O,T] = sup |05 /8Sw0(s) ds
te[0,7
t L2
2
< sup [0l [ 0.un(s)]z ds
t€[0,T] 5
S ll0rwoll oo 12 j0,2)) »

both of which are bounded above by a multiple of [|Owg|| e[ 442) - Via Corollary 2.3, we obtain

that
k+1

| Owk|| oo 12 0,k+2 S 10wk (0)[| 2 + ([ Pwgll 11 12 0,k+2 S lg(s)ll 2 ds
t z[ ] t z[ ]
k

when k£ > 0 and

1
10wl . 1210 S 19002 + 1Pwoll 3 20 ey S 19w(0) ]2 + / lg(s)ll 2 ds
0

when k = 0. Together, these provide the right-hand side of (3.12).
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We now make another claim, namely the inequality

(3.13)

()72 Brwy
k

LE[0,T]

+ S Z ||awk||L;>OLg([o,k+2]) :

LE*[0,T] k

r(rxe)

Notice that the right-hand side can be subsequently attacked as performed previously. The

first term on the left-hand side of (3.13) is bounded by the term on the right via the Hardy in-

equality (and taking a supremum in time). For the other term, we can write

P (w -y ,Bkwk> = OB [wp + dwy] + O(BY)wp.
k k

Since g is compactly-supported in space, and, for each k, §; is supported on the unit scale

in time, finite speed of propagation applied to wy and dwy guarantees compact spatial support

of the above term independently of T' (each is supported on a time scale of O(1)). This allows

us to remove the weight and the infinite sum in the LE* norm and transition to an LE norm.

Proceeding as with the first term on the left-hand side of (3.13) proves the claim.

Now, we can put our estimates fairly easily. Using (3.12), (3.13), and (3.11) applied to

w — Z Brwg, we finally obtain that

k

lwll g0z + 10wl Lo 21077 <

> Brwy, +|w =Y Brwk
k LE0,T) k LE0,T)
+ {0 <Z Bkwk> + ||0 (’w - Z 6k’wk>
k L L2[0,T] k LY L2[0,T]
k41

SOl + Y [ lo(o)lsz ds
k%

+

o e pe)
rze)

LE[0,T]

_l’_

LE*[0,T)
k+1

S WuOle + | @ 2wl + 3 [ oz ds

-2
= 0w ()2 + |[@)w||+lglzzzs -
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In view of this case reduction and Corollary 2.3, it is enough to establish

(3.14) lilzgpn S [ 2w+ 1Pl s

LE[0,T)

in order to prove Theorem 1.6.
Case Reduction #3: It suffices to prove Theorem 1.6 for solutions who also have vanishing

Cauchy data at t = T.

Proof. This follows from the same argument as above, except that we make wy[0] = 0 for all &k
except the last k in our partition of unity, which is given Cauchy data of u[T] at time T'. This is
readily handled via our coercive energy (in particular, we use Corollary 2.3). The implicit con-
stant will have no dependence on T for this reason (as well as the unit intervals utilized in the

partition of unity). O
Case Reduction #4: It suffices to prove Theorem 1.6 for u supported in {|z| < 2Rp}.

Proof. Write u = x<pr,u + X>Rr,u. On the exterior piece xp,u, we apply Proposition 2.5 and

Corollary 2.3 to get that
—1
||X>R0UHLE1[0,T] S Ro ||X>R0UHLERO[0,T] + HP(X>R0U)||LE;RO[0,T] :
The first term on the right is directly bounded by |lu/|, EL [o,7] - For the second term, we write
o0

P(X>Rou) = (X>R0)PU + [P, X>R0]U,

and one can calculate that

[P, x>Rolu(t,x) = O(Ral)xl lz] 6u(t,a?)(9(R0_2)X” le] u(t, ).
Ro RO
In LE*, this term bounded by HUHLE}%OS\-\SW%O 0,77 and so we have

||X>R0uHLE1[0,T] S HUHLEIIQO[O,T]‘
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Suppose that (3.14) holds for x<pg,u. From this, we get the estimate

—2
Ix<rotl oo S | (@) x| | Pull ooz + NP X<rolull ooz -

+
LE[0,T]

and so

lull g, < IX<roUll g0,y + X5 Rovll L1 0,1y

< -2
<[]+ Pl om0

The last term is readily estimated via Proposition 2.5, which establishes (3.14).

We record the results of our case reductions in the following proposition.

Proposition 3.17. In order to establish Theorem 1.6, it is sufficient to prove the estimate

(3.15) 1ol g0 S W0llpzr2 o) + 1PV L= (o,

for v supported in {|z| < 2Ry} with v[0] = v[T] = 0.

Again, this implicit constant is independent of T but will depend on Ry. Using the compact
support of v to transition between the weighted and unweighted spaces will inherently generate
multiplication by powers of Ry, but this does not matter since the constant in the above may
depend on such a parameter.

3.6 Proof of the High Frequency Estimate
Armed with the established case reductions, we will proceed with a proof of Theorem 1.6.

Recall that it is equivalent to prove the theorem for the scaled problem.

Proof of Theorem 1.6. In view of Proposition 3.17, it will suffice to prove (3.15) for v supported

in {|z| < 2Ro} with v[0] = v[T] = 0. We can extend v by zero to be defined for ¢t € R and vanish
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for t ¢ (0,7). Then,

(3.16)

2l <Pv, (qw - mw) > + 2 {faDy m o) = (i{0g,¢" o) + 5 (6 aDe + aDig")v,v)

1
+ 3 (Ogm™ +mY0g4)v,v) .
The right-hand side of (3.16) can be written as

- W W W 1 w w
(i[3g, ¢" v, v) + v ((¢VaDs + aDiq" )v,v) + 5 (Ogm™ +m™0g)v,v)

= ((Hpq + 2yTag + mp)“v,v) + (Agv,v),

where Ag € WO, Recall that 2y7a = —2i5pe. By choosing v > 0 large enough, we can apply

Lemma 3.4 to get
(3.17) Hyq — 2isshewd +mp — Cligza(x) (€2 +7%) > 0,

where C' > 0 is the implicit constant in Lemma 3.4. We can readily replace 1j¢>) with the
smooth cutoff x¢~ . Since the desired estimate is a high frequency estimate, we will first ana-

lyze the high frequency components of v. Split v = v~ ) + vo<), where

Vs> = Xel+r|>A(0)v,

VA = X\§|+\T\<>\(8)U'
By (3.17), we may apply the sharp Garding inequality to obtain that
. - 2
<(Hpq — 2iS5ewq + MP) Vs, UssA) D <(X\§|>>\<ﬂ7> 2(‘f|2 + 7'2))WU>>>\7 U>>A> - ”U>>)‘”Ht1/2 .

We remark that the implicit constant may be chosen independently of A since there is a x|¢>
cutoff embedded into g and m, and hence differentiation occurring in asymptotic expansion calcu-
lations possess coefficients which are either independent of A or feature inverse powers of A (one

can also entirely ignore the potential A dependence and argue via Cauchy-Schwarz and Young’s
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inequality for products, although this introduces more parameters to track).

Since X|¢|+|rj<x € S, it follows that

<(Hpq - 2isskewq + mp)wva U> = <(Hpq - 27;35kewq + mp)wv>>)\a U>>)\> + <SOUa U> )
where Sy € U™, In particular,

(3.18)

((Hpgq — 2i55kewq +mp)Vv,v) 2 <(X\§|>,\<~"’3>72(’f|2 + 72))W Ussa, UssA) — ||U>>>\||§{tl/2 + (Sov,v) .

Using the pseudodifferential composition formula, we compute that

(ien(@) 2 U€P + 7)) = (Xe15a(D2)/* Do (@)~ Da(xje 2 (D)) ? + Ai,

where A; € U! arises from non-principal terms in the asymptotic expansion of the Moyal product
(and the expansion features terms which are either independent of A or involve inverse powers of
A). Integrating by parts once gives that

(3.19) <(X|§|>>\<x>_2(‘§|2 + 7—2))“’ U>>,\,’U>>)\> = H<x>_1 61}>/\) j?LQ

+ (A1v550,V55)0)

2 H8U>)\H%E<2RO + (A10550,U550)

where v> ) = X|¢|>a(Dz)v. One might expect the term 0 ((X|§‘>)\(Dx))1/2)v>>>\) to appear instead

of Qvs )y, but it is readily seen that

(iesrUED) 2 Xie s 1roa (1 D) & xies A €D X e 1r1oa (1 (7 1) = Xiepoa (€D

In particular, the 7 has no effect on the resulting cutoff, and ¥, Xl/ 2 are both smooth, non-decreasing,
and have the same support properties (and only differ on a compact set). For this reason, none of

our analysis changes by working with v, and we will stick with this for notational convenience.
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After incorporating (3.19) into (3.18), we have that

, 2 2
<(Hpq — 2USskewq + mp)wvv ’U> + <A0U’ U) 2 ||av>>\HLE<2RO - ||,U>>>\”Htlé:2
= [{Arvssx, vs500] = [(Aow, v)| = [(Sov, v}
We will first analyze the term (A1vss,v>>)). Since A; € ¥l it is bounded from Ht17$ to
L?L2 (and the operator norm will yield no positive-power A contributions due to the previous

comment on the asymptotic expansion of the symbol). By using the Schwarz inequality and this

mapping property, we have that

(3.20) [(A1055 0, v550)| S H”>>>\HH;I HU>>>\HL§L3 :

Using Plancherel’s theorem in (¢, z), the frequency localization, and the compact support of v, we

obtain the bounds

(3.:21) lossallig, < 4G €) Xierstroatl a2 S T ) bllzzrz = ol < el
and
(3.22)
A 7|+ [¢] X - -
||U>>AHL§L§ ~ HX|§|+|T|>)\UHL2L2 = fX|£|+|T\>>\U SA ! ||(%||L§L§ SA ! vl g -
e L212

Applying (3.21) and (3.22) to (3.20) yields that

(A1vssx, vssa)| S AT [o]|2 -

For the term Hv>>)\|]21/2, note that
t,x

2 2

47 07247 ) Xigf 2

2 1/2 ~ _
o512 % [/ (760 Xgiirioa v a2

_ 12 _ 2
SA ! H((ﬂ £)) X|§|+\r|>/\”HLgL§ SA ! HUHLE1 .

59



For the (Agv,v) term, we can use L?-boundedness and the compact support of v to get
2
(3.23) [(Agv, )] < Aol Noll oz S CON olags

While this bound is A-dependent, such terms appear on the upper bound side of the desired in-
equality, and hence can depend on X in an arbitrary manner (as opposed to the LE! terms which
need an inverse power of A for bootstrapping). The meaning of C'(\) will change fluidly, just as
one continuously re-notates a potentially-changing constant by C' when calculating successive
inequalities.

The smoothing term (Spv,v) can be bounded in the same way as (Agv, v) (in particular, Sy €

UY). Thus, we have the lower bound
(3.24)  ((Hpq — 2isshewd +mp)*v,0) + (Agv,v) Z |0vsall7 g, — CO) 0ll7202 = A lollEp -

Next, we look at the left-hand side of (3.16). Since [aD;, m"] € W0, performing the same work
as in (3.23) provides that

1

(3.25) g ([aDy, m™]v, v)

SCN) [lvlZzzz -

For remaining term on the left-hand side of (3.16), we split v into high and low frequency compo-

nents once again to get that

2Im <Pv, (qw — ;mw> v> = 2Im <Pv, (qw — ;mw> U>>)\> + (S1v,v),

where S1 € ™. We have already demonstrated how to bound smoothing operator terms. For
the other (primary) piece, we apply the Schwarz inequality, use the DO mapping properties of
¢" € ¥ and m" € U0, and leverage the compact support of v (just as performed previously) to
get

i

(3.26) 121m (Po. (2= 5mv) A>] S COV Pl 22 ol S CO) 1Pl ol
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Putting (3.16), (3.24), (3.25), and (3.26) together, we obtain that

1/2 1/2 —
10052y, S CO) (IPOIR ol + 0l g2z ) + A2 0]l

Completing the LEi2 R, norm on the left-hand side of the above,

1/2 1/2 ~1/2 -1
losallzer,, S CO) (1PN ol + 1wl aze ) + A2 ol + @) s -

We note that

—1
[ o, S Moz

once again using Plancherel’s theorem. Thus,

1/2 1/2 _
(3.27) lsaller,, S OO (1PoIEE el + lollzzz ) + 272 ol g

This establishes an estimate on the high frequencies. We must add in the lower frequencies to

the left-hand side. That is, we must add |[v<x||; g1 L. b0 both sides. First, we get the bound
<2Rg
-1
<
[ o, S Wolzzza
via Plancherel’s theorem. For the term ||Ov<y||; 5, we write
VX = V<sor T V<<ons

where

V<>l = X\§|<A(Dx)X\T|>a>\(Dt)U7

V<<or = X\£|<)\(DI)X\T|<0A(Dt)Ua

and ¢ > 1 will be chosen later (and does not denote the same o as used in the construction of

the escape function). Applying Plancherel’s theorem, frequency localization, and the compact
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support of v once again yields
10v<<orlle S ||(7]+ |§\)X|g\<AX|T|<aA@HL3Lg SoAvllpz -
For v.<,), we compute that
(328) H8U<>JAHLE S H(’T’ + ’f‘)X|§|<>\X\r|>a>\ﬁHL3L§ SA HUHLfL% =+ (U)‘)_l H(atQ'U)<>a)\HLgL% .

For the last term on the right, we utilize the expression for Pv to write

(329) (@) <sorllzre S 1PV sorlzrz + [ (6 D; + Dyg™) Do)

L3L3

+ H(Digiijv)<>g,\HL$L% + [[(aDw)<sorll 212 -

One can readily check that

(3.30) 1(Pv)<sorll 222 S 1PVl - -
and
(3.31) H(aDtU)<>m\HL§L§ S ol g -

For the other terms, we note that as functions, one has that g*/, ngo‘j € SO for all a € {0,1,2,3}

and j € {1,2,3}, and so

Xiel<x(Da)Xrsor(D1), g%] € U1,

[Xjel<x(Da)X|r|5on (D), Dig®] € w71,

In particular, the above two operators are bounded on L?L2. Pairing this with the fact that

Fourier multipliers commute, we have that
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(3:32) [ (9" D;+ D3g%)Drv)

S H(ngoj) (Dtv)<>m\HL§Lg + Hng (DJ'Dt”)<>a/\HL§Lg

<>oA L%L% ~
+ || IX1e1<x (D) X 7|0 (De), (DjQOj)]DtUHL%L%
+ H[X\§|<)\(Dm)X|T\>cr)\(Dt)aQOj]Dth'UHLfL%
S MOl g+ CN) (vl 2z
and
(3.33) H(Digiij’U)<>g)\HL?L% 5 H(Digij)(DjU)<>a/\HL$L% + Hgij(DiDjv)<>a/\HL$L%

+ ([ (X1 <r (D)X 1500 (D2), (Dig)(Djv) <soa || 12 2
+ || (Ixje)<x (D) Birj o (De), gij](DiDjU)<>a>\HL%L%

< CO ol s -
Applying (3.30)-(3.33) to (3.29) gives that
1(07v)<>orll 22 S CN 0l 22 + A0Vl L + [1Poll -
Plugging the resulting estimate into (3.28) implies that
10v<sorllpp S CN) [[vll 22 + (@) Pl + o7 0wl -
Thus, the full low frequency contribution yields

(3.34) lovarllpp S max{C(A), oA} vl 22 + (@N) T 1PVl e + 07 [|OV]] o

< max{C(\), oA} [vll 22 + (0X) T Pl g + 07 vl g -

Now, we can combine the high frequency work (3.27) with the low frequency work (3.34) and
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apply Young’s inequality for products with parameter § > 0 to obtain that

ol

1/2 1/2 _ _ —
S COV IPOIEE w5 +max{ (), oA} [l a5 + (@) [Pollpe + (071 +A72) ol

< max{C(), oAl gz + (CONZ 4+ (X)) I1Poll e + (54 071+ X72) ol

Due to the support of v in z, we know that ||v||;, ;1 = ||v||; . Picking ¢ sufficiently small and
<2R
A, o sufficiently large (all of which will depend on Ry) allows us to absorb the ||v||; 1 term on the

right-hand side into the left-hand side, providing (3.15) and completing the proof. O

3.7 An Application to High Energy Resolvent Estimates

Here, we establish a direct link between our high frequency estimate (1.6) and a high energy
resolvent bound. Analogous to the local energy spaces, we define the spaces £E, LEY, LE* when
the time variable is fixed (and there is no time derivative involved in the norms, either). We will

also require spaces which allow us to track dependence on the spectral parameter w, namely

LEL = et njw|1LE,

D = B O w2,
These spaces are equipped with norms

lull gz, = ull ger + |l Jullze »

ull g = Nlull g + lwl flull L2,
respectively. Now, we will define the resolvent. Consider Pu = 0, where (as usual)

P = Dog*?Dg + iaD;.
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One arrives at the stationary problem by looking for solutions of the form u(t,z) = e™tu, ()

(equivalently, one replaces Dy by w). This generates the equation
P,u, =0,
where
P, = ¢"w? + (ngDj + ng(Jj +ia)w + Digiij.

The resolvent R, is defined as the inverse of P, when such an inverse exists. More explicitly, if

we consider the homogeneous Cauchy problem
Pu =0, u(0) =0, —¢%8,u(0) = f,

then we can formally define R,, via the Fourier-Laplace transform of w:

o0

R,f = /e_i”tu(t) dt, weH:={z:Im z < 0}.
0

One can check via integration by parts that both definitions of R,, are consistent. In the subse-
quent work, we will take f to be in either L? or £E*, and it will be clear from context which is
the case.

An immediate consequence of Proposition 2.1 is the estimate

(3.35) 1ou()ll 2 S 1 z2 -

Using (3.35) and the Minkowski integral inequality, we obtain that

[e.e] oo 1
336)  IRuflin < [ [Vt ) dt < [ e de S oSl weE R
0 0

Meanwhile, integrating by parts once provides that

o0

wR,f = —i/ei“t(‘)tu(t) dt, Imw < 0.
0
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Taking the L? norm and performing the same work as in (3.36) yields an identical upper bound.

Combining these estimates together gives the inequality

1
HwaHHul, S

~ | Imw|

1fllp2s  weH.

This estimate shows that P, has no eigenfunctions with corresponding eigenvalues in the lower
half-plane. We record this work in the following proposition.

Proposition 3.18 (Uniform Energy Resolvent Bound). Forw € H, the resolvent is an analytic
family of bounded operators R,, : L> — Hulj satisfying

||RWHL2~)H&J < [Im W|_1, weH.

In [27], it is proven that local energy decay for stationary, asymptotically flat wave operators

is equivalent to the local energy resolvent bound
(3.37) [Rollggesger S weH.

One can readily use Proposition 3.18 to obtain this estimate for Imw < —1.

Proposition 3.19. If P is a stationary, asymptotically flat damped wave operator, then the resol-
vent Ry, satisfies the bound

HRW||[,g*_>[,5}u S Imw < —1.

Proof. For —Imw 2 1, we can obtain the desired bound straightforwardly by applying Proposi-
tion 3.18:

IRt ll ey = IV RS e + ||@) " Ruf | + 1ol 1R fce

S IRofll g + lwl [ R fl 2

= ”waHH(})
1
<
S Ty 1l
Sl zes -
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We can use Theorem 1.6 to obtain (3.37) for large frequencies close to the real axis.

Proposition 3.20. Let P be a stationary, asymptotically flat damped wave operator satisfying the
geometric control condition, and suppose that 0y is uniformly time-like. Then, the resolvent R,
satisfies the bound

||Rw”ﬁg*_>zgi S lw|>1, -1 <Imw < 0.
We proceed as in [27].

Proof. Let u solve Pyu = f, and call v = ¢™%u. Then, v solves Pv = g, where g = e™!f. We
will apply the high frequency estimate to the interval [T, 0]. More precisely, if we call 0(t,x) =

v(t — T, x), then this solves Po = g, where g = ei“’(t_T)f. Applying Theorem 1.6 to ¥ provides

- - ~ —92 . ~
2l 10,27 + 109 e300y S 05Oz + [[@)7>3||  + Wlpesszzom

LE[0,T]

We immediately calculate that

~ e2TImw -1 1/2
lolpon =\ 5, )  ullcer

Ha'DHLtDOLg[O,T] ~ HUHHgJ

~ TI
100(0) | Lo &~ e ™ [lull 2

2T Tmw _ 1\ 1/2
o I L

”gHLE“rLtng[D?T] = Hf||<w)‘l/2ﬁg*+(w>_lm :

2Imw Imw

Plugging these calculations into the high frequency bound and taking the limit as T — oo
yields

—2
lullges, + el 2l gy S |[6@) 7> wl| + 16l cer s tmaprase

LE

For sufficiently large w, the first term on the right absorbs into the first term on the left, which

implies the desired bound. O

Combining Proposition 3.19 with Proposition 3.20 immediately establishes (3.37) for all w in
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the lower half-plane outside of a relatively compact set near the real line, which is the content of

the following theorem.

Theorem 3.21. Let P be a stationary, asymptotically flat damped wave operator satisfying the
geometric control condition, and suppose that Oy is uniformly time-like. Then, the resolvent R,
satisfies the bound

HRw||£5*—>LS&J S 1’ weH \ {g EH: ’C‘ S 1}

In [27], the estimate is proven in the rest of the lower half-plane using a low frequency esti-
mate for w close to zero and a limiting absorption argument for the remaining frequencies. Al-
though this work likely holds in our context due to possessing the same frequency estimates, we
will omit it here (see [27| for this work); we only included the high frequency resolvent estimate

here since our high frequency estimate was the primary focus of this work.
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CHAPTER 4

Medium Frequency Analysis

4.1 Introduction

Here, we establish weighted estimates which imply local energy decay for solutions supported
at any range of time frequencies bounded away from both zero and infinity. These will be rooted
in Carleman estimates, which are weighted L?L?2 estimates where the weight is (in principle)
convex. Such estimates were originally studied to establish unique continuation results, which can
be used to prove e.g. the absence of embedded eigenvalues for certain classes of problems (see [20]

and the references therein). The Carleman estimates that we desire take the general form
HPOQWUJHLng + lee“pﬁuHLgL% S HGQOPUHLng ,

for appropriate integration weights pg, p1 and Carleman weight . The constants in our inequal-
ities will depend on the parameter ¢ introduced in Section 1.2, but they will (and must) be in-
dependent of the parameters in ¢ (our weights will be radial). The Carleman weights which we
will use are constructed in e.g. [5], [20], [38]. Our approach closely follows that of [27] and [5],
and we will prove the same general results. As opposed to working on the symbol side (as done in
[27]), we will work directly on the differential operator side (as done in [5]). This has the benefit
of illuminating explicit error terms, which one would pick up from pseudodifferential calculus, at
the expense of more tedious calculations and terms to track. The work [5] studied small time-
dependent perturbations of asymptotically Euclidean metrics, hence our work will feature some
deviation. We will not assume that our metric is stationary for this chapter.
4.2 Exterior Carleman Estimates

Our first class of Carleman estimates apply in the exterior region {|z| > Ro}. Since a = 0
when |z| > Ry, our operator reduces to P = D,g*’ Dg here. While the results in [27] (Proposi-

tions 5.1 and 5.2) apply directly in this setting, we will re-establish them here. This is also similar
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to the work on absence of embedded eigenvalues present in [20]. For the remainder of this section,

denote s = Inr-.
Proposition 4.1. Let P be an asymptotically flat damped wave operator and ¢ be a convex func-

tion satisfying

ASE(s), A =595 S¢"(s),  P(s)l < (s),

N |

where A > 1. Then, for all u € S(RY) with suppu C {r > Ry}, we have the estimate

(4.1) )

T 14 ") 2P (1 (1 + @), V) ‘

-1 n1/2 ¢ < || p®
P RO RRL Y Y ety

The construction of the weight can be found in [20]. We remark that, in the exterior regime,

dominant terms involve larger powers of r and derivatives of the weight .

Proof. First, we conjugate P by e? to form P, = e¥Pe~%. If we call v = e¥u, then (4.1) becomes

<

rzrz "~

Hfr—l(l + @")1/2 (r_l(l + ¢ v, Vo — %cp’v)‘

+ Hr_l(l + cp/)l/Qﬁtv’

1212 HP«JUHLng :

Hence, it suffices to prove the estimate

(4.2) Hr*1(1 + "2 (Y1 4 ¢ ), Vo)

+ Hr*1(1 + 90/)1/28,511‘

<
1212 1212 ™ ||P90UHL§L5 :

t -z

Next, we decompose P, into the sum of its self-adjoint and skew-adjoint parts
Py, =F,+ P,
respectively. One can compute explicitly that

P} = Dag*’ Dy — ¢ig”e;,

P}, = iDag™ ¢j + i0jg’* Da,

where we are using the notation ¢; := 9;¢. Since these operators provide a decomposition of P,

70



into its self-adjoint and skew-adjoint parts, it follows that
1P, U||L2L2 = HPTUHLQLQ + HPZUHLQLQ + ([P, Pz Ju,v).

We see from here that it will be sufficient to perform a positive commutator argument.

We will prove that

2

(4.3) Hr‘l(l + @2 (rH 1+ ¢, Vv)‘ S ([P, PLlv,v)

e <1+w>”6‘tv)L2L

o (£ 1))

L2L2

+2H 1/2Pz

Since ¢’ > 1 and

/

e 4y

53 T2 — 7,74(80/1)2 — Ay~ 4S0”§0 _’_167,74(90/)2 <<T74(1+80/I)(1 _’_@I)Q’

applying the Schwarz inequality and Young’s inequality for products to (4.3) implies (4.2).
It remains to prove (4.3). We will compute each term on the right-hand side separately, going

from right to left. It will be beneficial to record that

R
90.7 - TQSO 9
2y (P = 29)
SD’LJ - r4
(2w0i50" + 120552 )t — drPayr?s; ¢
Pijk = S
N ((&'k%‘ + 0kwi) (" — 2¢') + r2xxiaE(e"” — 24,0”)) — dr?xxiaE (0" — 2¢)

r8

=0 (¢ +¢" + "))

In particular,

/ /!
© +p
E :(pjj: Pz
J
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First, we integrate by parts to obtain that

" 4y .
< <27"2 — 7'72 v, P(p'U
/ / <22 — > g“ﬁDangv dxdt
r

—OOR3

// Fip; <2r2—)vD5vdxdt+//<2— )gog p;|v|? dodt

—oo R3 —oo R3

abn A N A

//(W—>g Bavagvdasdt+//g 0j <2742—702> vOgv dxdt
—oo R3 —o0 R3

//(27"2_> ©vig" g0J|U|2dazdt.

,OORS

Using Young’s inequality for products on the terms involving only one derivative of v gives
1 /

e 4y

(%) r0)
8 8i e 2
Q
//(272—) 81}85vdxdt—z //( Iro; (21"2_7’)) |v|* dxdt
—oo R3 -
Iavl2
— - / dxdt + ﬁ - — go,g”goj\v]Zda:dt

—oo R3 —oo R3

Since suppv C {|z| > Ry}, we are integrating over the spatial region where g is a small AF
perturbation of m, i.e. ||g —m|| 4p_, < 1. Writing g% = (g*? —m®P) +m®# and using asymptotic
0

flatness, we get the lower bound
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(5 -52) vre)
//(273—>( — m“?)d,vdpv drdt + / / <_) 10y0]? dadt

—OOR3 —OORS
&ivzdd aﬂ_i@’Qadd
r? r2 ‘wv’ et Z T o2 r2 |U| xdt
o 2451 4
. /" 4
_Z// mP <7’8j <;2 f)) |v|? dzdt
=0

3 2
1 (,0” 4()0/
—22//<r8j <27«2 — %)) [vf*dudt
=
2 .. ..
//\61;\ divdt+//<2r2_) ¢i(g7 —m7)pjlv] dedt

—00 R3

3
+§I//(f——)%MMMt
J=1"x

R3
o 4 ,
0o R3
1 3 " 4@ )
—22//<r8 <27~2 _7«)) fof? dads
J=l—co R
Sk 4

|Ov|? -
dx dt+z - 27“2 ©jlv|® dzdt

M7W%R//ﬂ%dm M?W%R// " Jof? dat.

—00 R3 —co R3

Notice that

and
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In view of the conditions on ¢ (in particular, the largeness of ¢'), the latter term is negligible in
comparison to the former for large enough A. We will hold on to the lower-order term for now.

To summarize our analysis thus far, we have shown that

o 4 / 7
[ [ (5 o) o [ [ (5= - g) wo o
R3

[ (4 @R e / LA N
—i—//( L 5 |v|* dzdt — Z/ r0; 27’2_ 2 \v\ dxdt
—oo R3 —o0 R
g =mllare . / [ Slouf st g = mil s, / [z azar,
—ooRS —OOR3
where
3% 2
1 SDI/ 4()0/
i [ [ (2 (5= 5%)) s
J:]"fooRB

is lower-order than

/Oo/ <4(f4/)3 - SDHQ(:ZIP) |v|? ddt

in A due to conditions on the derivatives of ¢.

Continuing our analysis of the terms on the right-hand side of (4.3), we calculate that

9 H 1/2Pz

L2L2 // 22%93 Do + iDo (g% p;))v|* dadt

—00 R3

=5 [ [ (&) leww ol anai 2 [ [ () (o) ol dea

—0o0 R3 —0o0 R3

+8Re//(cp’)_18a(gaj<pj)<pkgk585m7dwdt.

Here, (¢')~! denotes 1/¢’ (as opposed to the inverse of ¢’). We will use this notation throughout.
Proceeding similarly to the estimate on the previous term (using Young’s inequality and as-

ymptotic flatness), we get the lower bound

74



(45) 2| 2P| s // 2]8v|2dxdt+ // L+ ) of? dudt
—o0 R3 7OOR3
) 2 _2 ’o N
—4/ ‘“‘ ddt — 4 // S"90jL(SO)\v|"’dm
—o0 R3 —0o0 R3
SO/
_Hg_m”AF>RO //72’8U2d$dt
—OO]R3
g =mlLap . / [ vz azar
—OO]R3

Notice that the |v|? terms on the first and second lines of (4.5) feature weights of lower order than
©"(¢")? and, thus, will be negligible for large enough ) in comparison to the highest-order |v|?
terms in (4.4).

Finally, we consider the commutator term. First, we compute that

[P}, PL] = 2Dag™[05(0;97")] Dy + 2D,9? [0a(97 ;)| Ds — 2Da;g”[079°°) Dg

+ig™[06,0,(97 ¢;)|Ds — iDag®’[050,(97 ¢;)] + 201" [0 (0ig" ;)]

Integrating by parts gives that

//Pr PZ Jvo dxdt = 2 / /ga[g@g(g@jgﬂ)&yv@.ﬂ)dwdt—l—2 / /gaﬂﬁa(gngoj)ﬁgv&yvdxdt

—o0 R3 —0o0 R3 —o0 R3

-2 / /(pjgjyaygaﬁagdexdt—i— / /gaﬂaam (g”japj) O0pvv dxdt

—o0o R3 —o0 R3

+ / /ga’gaﬁav (QW%‘) v0,v dxdt + 2 / /cpkglW (ngpigijcpj) ]v|2dxdt.

—00 RS —00 ]RB
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Once again, we utilize Young’s inequality for products and replace g by m to obtain the lower

bound
//Pr Pl vvdmdt>4//g0ijawajvd:cdt

—oo R3 —o0 R3
: v
Z // TQijk) |v’2dg:dt // ddt+4z //gpjgpjkgokh)\ dzxdt
_77 1700 R3 —o0 R3 —oo R3

g = mllape / [ Glouf dzdt g = mil e, / [ e azar.
700R3 7OOR3

Notice that

Z //rgom \v[zdazdt<// 1 ]v|2dacdt
T
.71k l—ooRS —oo R3
whereas
7 2 7 (‘Pl)z 2
! /
> [ [eenwanita = [ [ 5@ - oo duat
jvkil—oo R3 —00 R3

In particular, the former term is lower-order than the latter term in A. All together,

- I |2
4.6 Pr Pl Jov dxdt 2 4 ;i 0;v0,;v dxdt — 901 dxdt
(4.6) J J 2
r

—oo R3 —oo R3 —oo R3
') |v]? dzdt
—OORS
// |v|2dxdt
7OOR3
o /
¥
—llg =mllar, 5, //TQI%IQd:cdt
7OOR3
o=l [ [t
—OO]R3

Putting (4.4)-(4.6) together and using the negligibility of the described lower-order terms for large
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enough X yields the lower bound

@7 {[PL, Pilv,v) +2 H )2piy

SDH 4()0/ :
L2L2+<<27‘2r2 U’PSDU
/
24//tpijawﬁjvdxdt—i—S//:i]@rvﬁdxdt

—00 R3 —oo R3
4 — = — 22 1 " _py — U
// 4 2(’20 )\8v]2dxdt+// 27 (’D )|V v|? dzdt
—oo R3 —oo R3
4 3 1"(, A1\2 o
//< A ‘wz(;i) >'”’2dmdt+4 — )of? dadt
—o0 R3 —0oo R3
2 — 9,/
+3//(<p) (¢ + "2 |v|* dedt — 4 // <p<p + (") |v|? dxdt
—oo R3 —o0 R3
3 0 2 3 oo
1 7 4 /
) //(7”3 <2r2 —;g)) |v|2dxdt— Z //(rcpjjk)Q\dexdt
jzlfoo]R.‘S Jk=1_
g = milare / [ Slouk st g = mll s, / [ b e
—oo R3 —oo R3
00 00 .
>4 / /wijaivf)ﬂ)dxdt—i—8 / /%larmzdccdt
r
—oo R3 —00 R3
4 — = — i 1 " _py — U
// a Qf )\8tvy2da:dt+// 2 T )|v of? dedt
—0o0 R3 —oo R3
/ drdt —|lg = mllsp // 2|8v|2dxdt

—o0 R3 —oo R3

Next, we calculate that

o0 L oo 26@" / i . //_2 / L
//wjaivajvdxdt://r fhd +xx4j(90 w)aivﬁjvdxdt

—0o0 R3 —00 R3 "
-2
// 2]V$v]2dxdt+// @\8 v|? dadt.
—00 R3 —oo R3

Factoring this into (4.7) and utilizing both the smallness of ||g —m||. p and the conditions on ¢
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finally give that

(1B By + 2 i) 2|

"4y .
L2L2+<<27“27"2 U’PQOU
4 Ll 11 1
// id SO )\av]2dwdt+//2(p)\v v|? dxdt

—oo R3 —oo R3
//
+4// 2\8vl2dazdt+// ]|2dxdt
—oo R3 —oo R3
SOI
— ”g_m||AF>RO / /102|8’U|2d$dt
—OORS
s SDI x S0//
> //2|8tv\2dxdt—l—4//2|8,«v]2dmdt
r T
—o0 R3 —0o0 R3
// |V v|2dxdt+// |v\2d:cdt
—oo R3 —oo R3
2
-1 m1/2 (.1 / 1 1/2
2 [ e (T e, V), + [P ) ‘9“))L2Lz’
which is precisely (4.3). O

Due to the support of u in the above proposition, (4.1) applies in the exterior region, making
it appear amenable to pairing with an exterior estimate. However, exterior estimates require a
constant weight, which violates the convexity assumption in the previous proposition. By modify-
ing the weight to be constant in the exterior region, we introduce a lower-order error in a transi-

tion region (which is where we bend the weight to be constant).

Proposition 4.2. Let P be an asymptotically flat damped wave operator, and R > Ry. Suppose
that @ in an increasing function satisfying the assumptions given in Proposition 4.1 for s < In R
and constant for s > In(2R). Then, for allu € S(R*) with suppu C {r > Ry}, we have the

estimate

(4.8)

1/2 ¢ / —1/2 ¢
[ )2 (7 (1 ', V)| + RV etul

+ Hr_l(l + go')1/2e“’0tu’ .

2L2

272
LtL<R t <R

S lle?Pullpzpe |+ RV le? Pull s + R

’(1 + @')3/269%‘

212’

where ¢’} (s) = max{¢"(s),0}.
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See Appendix B in [5] for the construction of such a weight. The proof of this proposition is

highly similar to the prior proof.

Proof. Through a similar conjugation argument to that given in the proof of Proposition 4.1, it

suffices to prove

(4.9) H?‘l(l + Lpi)lﬂ (r 11+ ¢, Vv)‘

+ Hr’l(l + cp’)l/28tv‘

~1/2
N +R ||v||LE1>R

272 272
LyLZ g LyL%

—1/2 —2 3/2
Sl pr, + RV Pooll e+ B2 (14 )20

r2r3’
where v = e®u. To prove this estimate, we will consider three overlapping regions, namely

1. Ry := {r < R}. Here, we have (4.2). Note that this immediately implies (4.9) in this re-

gion.

2. Rp := {R/4 < r < 2R}. This is the transition region. The weight ¢ can be constructed
(see [5]) so that ¢ = 1 and |¢”| < ¢'/2. It is allowable for ¢’ to be negative in this re-
gion, but we have the lower bound ¢” > —¢’/2. We will discuss this region in more depth

momentarily.

3. Rg := {r > 3R/2}. Since R > Ry, we can apply the exterior estimate from Proposition
2.5. By a shifting argument (such as in Remark 1.5), we may leverage that v € S(R*) to re-
move the initial energy term. However, this estimate is unweighted in . When r > 2R,
the weight is constant, so (4.9) follows immediately from the exterior estimate. When
3R/2 < r < 2R, we may assume that |¢'| + [¢”| < 1 (once again, see [5]). Hence, it is
easy to bound the left-hand side of (4.9) by (2.3). Due to the aforementioned conditions on
¢, we can see that P = P, + F, where E is of lower order and contains coefficients which
are asymptotically flat (and hence small in this region) and contain derivatives of ¢. Thus,
these errors may be bootstrapped into the left-hand side of (4.9), which implies (4.9) in this

region.

Alternatively, this case can be dealt with similarly to step (1) by studying the specific con-
struction of the Carleman weight present in [5] (in particular, it has a cutoff built in); see

the aforementioned work for more.
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We will elaborate on the transition region Rp, then we will combine the analysis using cutoffs.

Similar to the proof of Proposition 4.1, we will prove that the left-hand side of (4.9) is bounded

/
¢
)

for v supported in {R/4 < r < 2R}. We have already computed the first two terms of the above

above by
C <<[P;,Pl 0,0)+2 () V2P

n (4.4) and (4.5), and the third term is very similar to the third term on the right-hand side of

(4.3). In particular, we can bound

<v Pr> // 2|('3tv|2d:vdt // 2|va|2d:rdt

—0o0 R3 —0o0 R3
4 ! 2
—//( 4) 2o >| 12 dadt — //"%| dw dt+// yv|2dxdt
—oo R3 —oo]R‘i —oo R3
g =mlLar . / [ Slouk st g = mil e, / [ vz azar
_OOR3 _OOR5

Combining this with the estimates (4.4)-(4.5) and proceeding as in Proposition 4.1 provides (4.9)
in the region Rs. We note that the right-hand side of (4.9) allows for a lower-order error term,
and this emanates from the |v|? terms (which may have non-ideal sign due to the bounds ¢” >
—¢'/2 as a result of bending the weight to be constant near infinity).

Now, we paste the analysis together for each region. Let x1, x2 be smooth cutoffs which are
supported within R; and Rg and identically 1 on Ry \ Ry and Rs \ Ry, respectively. The bound in
Proposition 2.5 already has the cutoff built in, so we do not need to introduce another one. Since

we know that (4.9) holds within R, Ry, and Rj3 individually, we have that

(4.10) H L+ @)Y (r _1(1+tp’)v,Vv)‘

—i—Hr‘l(l—i—go’)l/Qﬁtv‘

~1/2
+ RV oll

L21?

272
L;L iLig

t~<R

Povlga,, + B2 I1Povl e, + B2 (14 )20

LiL%
2

+ Z |HP%XJ']UHL§L2<R +R7? I[Py, XZ]UHLE;R
j=1

Since x9 restricts to a compact region, the integration weight present in the LE* norm can be
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removed. It is sufficient to analyze the commutators ||[P,, x;]v|| 2,2 for j = 1,2. One can check
tHx

directly that

. < R71e® -2
H[PeOvXJ]UHLng SR ”e 8UHL5L%/4<|,|<R +R HUHL?L%/4<\<\<R

<

I
—_
[\

The second term on the right is bounded by

)

(4.11) R2 H(l + )32

272
LtLR/4<H<R

which is admissible on the upper bound side of (4.10). The first term on the right is bounded by

(4.12) R™|0v]| 22 + R |||

2 .
t 7 R/4<|-|<R t“R/4<|-|<R

The first term in (4.12) absorbs into the left-hand side of (4.10) since ¢', ¢” 2 X over the above
integration region, while the second term is bounded by the aforementioned admissible term

(4.11). This establishes (4.9), which concludes the proof. O

4.3 An Interior Carleman Estimate
The next Carleman estimate applies within a compact set. The analogous result in [27] is

Proposition 5.3. The damping plays little role here.

Proposition 4.3. Let P be an asymptotically flat damped wave operator and ¢ be a radial weight

possessing the properties

P0)=0, " =A+toy, | <Y

’ /
0§<p"—%§0<ﬂlf0rallr20, %%@Hfm’al”«a 1,

where X\, 0 > 1. Suppose further that 0; is uniformly time-like. Then, for all u € S(R*), we have
the estimate

(4.13) H(gp’/r)lﬂe‘p@u‘

rgend

+ H(@O//T)Q@UHLng

LPL3 L3L3

S e Pull ags + ||/ () /26200

272
LPI2,
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Once again, see Appendix B in [5] for the Carleman weight function construction. We note
that the conditions on the weight imply that it is increasing and that ¢'/r 2 A. In fact, further

inspection of the weight present in [5] yields that ¢'/r &= \ for r < 1.

Proof. Since a € C°(R?) and ¢'/r 2 A, the damping term iaD;u present in Pu absorbs into the
left-most term in (4.13). Hence, it suffices to consider P = DagO‘BD/g. By a similar conjugation

argument to those given previously, it is enough to prove the estimate

(4.14)

i m1an

)

d

(pl((p//)l/z’l)‘

+ H’f’_lgplvuL%L% ,S HP‘»O,UHL?L% + H(gpl/ <r>)1/26t?)’

L3L3 L3L3 LPLE,

where v = e®u. The proof, once again, is a positive commutator argument. Our expression for the

commutator is the same, but our weight is now radial, as opposed to being parameterized by Inr.
o

In particular, ¢; =

(4.15) / /PT PZ oo dxdt

—00 ]R3

_2// 0‘*885( i’ ﬂ)@va vdg;dt+2// By, (W ]So)ﬁgv(‘)vvda:dt

—oo R3

A _ !
-2 / /Wgﬂ(%gaﬁaﬁvaav dxdt + / /gaﬁaaay <gww> gt dadt
r r

—00 R3 —oo R3
// B350, < hELd >v3 vdxdt + 2 / /xk(p kY (8 zie l]x]go > |v|? dadt.
o 3

We will study the commutator in two overlapping regions which cover R?; the bounds that we

obtain can be pasted together via a partition of unity as in the proof of Proposition 4.2.

(1) suppv C R; := {r < 1}. Note that smaller powers of r generate dominant terms in this

region. We will start with the &w@—type terms in (4.15), namely the terms
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i - / . [ i . - , [—
2 / /gaﬁag <x]7fpg”> 04 00,v dxdt + 2 / /gaﬂaa <g”xj;'0> 03v0~yv dxdt

—o0 R3 —o0 R3

—2//%;0g”8ygo‘685116avdwdt.

—00 R3

Using the chain rule, the above becomes

(4.16)

[e.9]

dipe
4//xJ<P aﬂaﬁgﬂa v@avdxdt—i—él// (mjka + Jl;@ _

—00 R3 —o0 [R3

7 o . R
—2//Wg376790‘58508avdxdt
T

—00 Rs

—4// aﬂ” ¢70,00, vd:vdt—|—4//< ) ¢10v

—oo R3 —oo R3

xjf:;;go ) 70,00, v dxdt

ko‘@ vdzdt

s A ) 7 i o . _
+4 / / wgo‘ﬁaﬁgﬂ&yvaav dzxdt — 2 / / Mgﬂ&ygaﬁagvaav dzdt.
r r

—oo R3 —o0 R3

Notice that the first term on the right-hand side of (4.16) can be written as

3 o0

(4.17) 42// 19 Dgu|? dadt.

]:1700 R3

Since ¢"” — ¢’ /r > 0 by the assumptions on the weight, the second term on the right-hand side of
(4.16) is non-negative and may be dropped when we bound from below. Since (4.17) includes di-
vision by r < 1, we may absorb the last two terms on the right-hand side of (4.16) into (4.17) for

small enough r, which implies that the right-hand side of (4.16) is bounded below by a multiple of

(4.17). We will hold off on bounding this term momentarily.

Next, we consider the mixed terms in (4.15), namely

//aﬁaa viZ

—oo R3 —oo R3
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We calculate that the above is equal to

/ . .
6 Re gk (o — 2 (BT T o
r r2 r4

(o]
+2Re / / geﬁgjk%g”@waﬁw dadt
T

—00 R?,

oy g\ itk (P o aBg ik Oik¥ o
+2Re 9“7 (0a9’") ol K " Opvv dxdt + 2 Re 9“7 (0ag’") . g0 dxdt

—0o0 R3 —0o0 R3

oo ' ,
+2Re / / 'yg’m / /gkﬁ((%gw)wﬁk <g0” — i) v dxdt

—oo R3 —00 R3

+2Re// kﬁagw 8vvdmdt

—00 RB

By using Young’s inequality for products, the smallness of r, the boundedness of the metric, and

the conditions on ¢, we can readily bound this above by a multiple of

3/2 1/2
(4.18) / / ( ) |v|? dedt + o / / ( > |0v|? dadt.
Finally, we analyze the |v|? terms in (4.15):

/ I
(419) 2 / / 2 i (a@g@) (]2 dardt
T T T

—00 R3
o (o]
—2 [ [ (so’f’%g’w (0,9") ol dodt + 4 [ / ()2 L g o2
—ooRS —OOR3
+4 x]:ck gt ZJ|v|2dxd157 xl%kagu ”|v|2 dxdt
700R3 7OOR3
s / [T (0,67) o dude + 4 / / Ik gty o dad
700]1{3 7OOR3
N3
+4//< N2y — () >(g xzx]) |v|? daxdt
r r2
// 2" |v|? dadt,
—00 R3
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where we have used that ¢ — ¢'/r > 0 to drop the last term on the left of the inequality, the

smallness of r and the boundedness of the metric to bootstrap the first term into the second term,

that
() jap (¢')?
WLk g 2 L 2 (2o

due to the ellipticity of g/, and the properties of the weight (respectively).
Combining (4.17)-(4.19), we have shown that

3 o0
//Pr Pl vodxdt Z Z// |9%7 0, v|2dxdt—|—// N2 v|? dadt

—oo R3 I=1 0 g3 —o R3

o—//< >3/2|v|2d:pdta//< >1/2]8v]2d:cdt.

—oo R3 —o0 R3

/
Finally, we consider the correction term — <(pv, P£v>. Through a similar process to our prior
r

bounds (along with the positive-definiteness of g” and uniformly time-like nature of 9;), we com-

pute that
(4.20) <v PLv > // 2¢' xlx] g v|? dzdt — //gaﬁa vOgv dxdt
—o0 R3 —o0 R3
// < > ]Bngvd:Udt
—00 R3
> // "2 ”]v|2dacdt+// ]@v\zdacdt—//|vmv|2dxdt
—00 R3 —o0 R3 —oo R3
oo (p/
—Z// 9% O v|* dxdt — 2//|v\2dxdt.
r
J= I—OQRS —oo R3
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Hence, we have
. (p/
(4.21) ([P}, P}Jv,v) — (5< " v,P£v>

o0 , o0 (o) ,
3(1—5)2//f\gaﬂ'a&vﬁdmw(ua)//(gp')?@"m?dmzem//f|atu|2dxdt

J=1

— 00 R3 —o0o R3 —o0o R3
w 7\ 3/2 w ’
—a//(i) |v|2dxdt—5a2//i|v|2dmdt
—o0o R3 — 00 R3
i ¢ V2 2 i ¢’ 2
—0’//() |0v| dwdt—é//\vxv] dxdt.
S r I r

Notice that, by Young’s inequality,

3% / 3 X '
/ /Sofgajaavﬁ dxdt = Z / / t <|9”0w|2 + g% o] + 2Reg”0ng08w> dxdt
- T r

—00 R3

o /
Z//ilvmwzdxdt.

Combining this with (4.21) yields the bound

(4.22) ([P, Pilo,v) — 6 <i/v, P;v> > (1+6) ‘ 90/(90”)1/%‘ ;Lg +6 H(cp'/r)lmav‘ ;Lg
—o im0t e, o e,

We claim that we can add the term ||(¢’/7)v]] r2r2 to the lower-bound side for free. Indeed, we

first note that
(4.23)

H(‘PI/T)UHLng < H‘PHUHLgL;7

since r < 1.
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Converting to spherical-polar coordinates gives us that

(4.24) // 202 dadt = /// )2 o(t, rw) 22 drdo(w)dt

—oo R3 —oo 0 §2
// 2
/// V2 u(t, rw)[20pr® drdo(w)dt
—00 S22 0
2 /// 2,2
-3 r)|v(t, rw)|*r* drdo(w)dt
—00 582 0

CO\N)

/ Rev(t Tw)0r Rev(t, rw)
0

Z

Be—

+ Imv(t, rw)0, Imv(t, rw))rz drdo(w)dt

o0
2
=3 / /rgp”cp’"\v|2d:ndt

—00 R3
2 (o.9)
- - / /r(w")Z (Rev 0, Rev + Imwv 9, Imv) dxdt.

—00 R3

Using the conditions on ¢, we obtain that

2 T 2 T
(4.25) —3//rcp"w"'|v|2dxdt—3//r(go")Q(Rev Or Rev+Imwv 0, Imv) dadt

—o0 R3 —o0 R3

e} o0
S [ [P dudes [ [ (o000l dude

—o0 R3 —oo R3
g//rcp”\gp’"\v\dedt—&—//gol "v||0pv| dadt

—oo R3 —o0 R3

oo o o ’
§//rcp”\g0”’|v\2da:dt+//r(cp”)2¢'|v\2dxdt+//fq\@wﬁdwdt

—o0 R3 —o0 R3 —o0 R3

<o? // \v[2da:dt—|—// |0v|? dadt.

—oo R3 —o0 R3
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Combining (4.23)-(4.25) gives that

2 2

/ 2 2| 77 1\1/2 77,0\1/2
6 /rolan S 02|62y, + 0 200
which implies that, in particular,
SNl o, v im oo
o2 ¥ 1z ~ 0|22 L212 4 22’

Thus, this term may be freely added to the the right-hand side of (4.22), providing that

(4.26)
/
([P, Pilv,v) =& <iv, P;v> > ‘

X (R

2 2 5
g s+ Nl

o (COORR

+6 (/) 20)

¢'(¢")

L2L2

0 ey

2 2

L212 L212 2r2’

Since ¢'/r &= A > 1 for r < 1, terms of lower power represent non-dominant terms. By shrinking

¢ if necessary and choosing o, A sufficiently large, we obtain that

/

. 2
(4.27) ([PL, Pilv,0) =6 <‘iu, P;v> 2

2

(p/((p//)l/z’l)‘

+ || )20

+ [l /ryollzas -

L3L3 LPL3

In particular, we effectively need that

1/4
SAL/2 % >0

oA
— =20\t =502 \2 > 0.

g

We get that the left-hand sides are greater than 1/2 for e.g. § =1/8, o =105, A =7-107° (in
general, smaller § and larger o necessitate rather large \). Applying the Schwarz inequality and
Young’s inequality for products to the left-hand side of (4.27) as in the proof of Proposition 4.1

establishes (4.14) for r < 1.

(2) suppv C Rz := {r 2 1}. The work here is similar to the R; case, but we will require mod-

ifications whenever we made an argument dependent on r being small (namely what dominant
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terms look like and that ¢'/r ~ ¢” when r <, 1). The work is highly similar, so we will only
describe the required changes that must be made.
For aav% terms in (4.15), we settle for a simple bound from below, namely that the quan-

tity is bounded below by

(4.28) ~ |y ’

L2L2

(such a bound is immediate).

For the mixed terms in (4.15), we use that

for terms involving ¢ — ¢'/r,

’(P///’ 5 02()0/

for the term involving ¢, and

90// ~ >‘+0'90/

to obtain that the mixed terms in the commmutator are bounded below by

2
r2r2 )’

The bound on the |[v|? terms in (4.15) is the same as in the R; case (namely, (4.19)), although

(4.29) ~C(o) <Hg0’vHi§L% + H)\l/%H;L% + [A200)

we utilize a different property of the weight to achieve it. In particular, we note that
()%¢" = M@ +a(¥)?,

and so

73
(Ve > (6 20 2L
g
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This allows us to absorb all poorly-signed terms into
/ / 2" ”xxj> v|? dadt >4 / / N2 v|? dadt.
—o0 R3 —oo [R3

Armed with (4.28), (4.19), and (4.29), we have that

C(o) (

2
1o 1N1/2 )
(") v 2

- H‘P”HL%? - H)‘1/2 )

‘)\1/281)‘

— ||y /200]

L2L2>

< <[P;,P<fj]v,v>.

L212 ‘ L2L12

Since ¢ ~ XA + oy’ and ¢’ 2 r), a sufficiently large choice of \ guarantees that we may absorb the

poorly-signed |v|? terms, providing that

2
reon 1/2,0‘
SRR P

— ||y 20

tHx

cto) ( 1ra ) S (P2 Pllue).

/
Next, we consider the correction term -y <<’0v, P;v>, where v > 0 is to-be-determined (and bears
T

no relation to the scaling parameter in the high frequency work). Similar to the work in the R;

region, we compute that

oo [e.e]
/ Do /
<(iv,P;v> =— / /(go’)Ziizjjg”wF dxdt + / /igaﬁaavﬁgvdxdt

—o0 R3 —oo R3

/ / ( ) ¢*PvDgov dxdt

—00 RS

// \U\dedt //\8tv]2d:rdt—|—//vxv]2d:vdt

—00 R3 —o0 R3 —o0 R3

x /
—//i\v\dedt,

—00 R,?,

using an application of Young’s inequality for products to absorb the missing term from (4.20).

Combining this with the prior computation, we obtain the inequality
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2
C(O’) ,(30”)1/21)‘ L2L2

—|—7<<(pv P’ v>+H o' /r) 1/2(%2}‘

+(y=C(o H o' /r) 1/281;‘

S (P2 Polo,v)

L2112

S

SR

L2112 L212

L2L2> '

For sufficiently large v and A, the conditions on ¢ ensure that

v>C(o), v /r+()?/r < Clo)(¢)*".

Thus,

|

Applying the Schwarz inequality and Young’s inequality for products to the left-hand side estab-

2
1\1/2
(") v‘ L?12

+ |20

2
oy S AP PRlo,v) +7<” Fe ”> +'VH o' /r) I/Zatv‘

tHx

L2z

lishes (4.14). O

4.4 The Medium Frequency Estimate
Now, we state the main theorem of this chapter - our medium frequency estimate. The corre-

sponding theorem in [27] is Theorem 5.4.

Theorem 4.4. Let P be an asymptotically flat damped wave operator, and suppose that J; be
uniformly time-like. Then, for any § > 0, there exists a bounded, non-decreasing radial weight

¢ = @(n(1 +7)) so that for all u € S(R*), we have the bound

(4.30) H(l+g0 V1262 (T, (1) 1(1+¢’)UHLE+H(1+<,p’)1/2ewatuH .
SlerPulpg. +8 (|14 ) M2emu] o+ o)™ @ oD+ @er0u )

Since § can be chosen arbitrarily, it will allow for any interval of frequencies bounded away

from both zero and infinity.

Remark 4.5. Just as we did for the high frequency estimate, it is important to emphasize why
this is an appropriate estimate on the medium frequencies. To that end, suppose that v is sup-

ported at time frequencies 7 such that 0 < 79 < |7| < 7, where 79 < 71. For compatibility with
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the other frequency regimes, we will want 79 < 1 < 71. Plancherel’s theorem yields that

las e, < s o]

To LE’

while

Sl 0 e, om0 0 e,

By choosing ¢ sufficiently small, both terms absorb into the left-hand side of (4.30) in a direct
fashion. We can translate our work immediately into a local energy decay estimate for w, with an

implicit constant which depends on ¢. |

Proof. We will apply Propositions 4.2 and 4.3 using cutoffs. However, we need to leave enough
room for overlap. Let x1 be a smooth cutoff which is identically one for {|z| < 2R} and sup-
ported in {|z| < 4R}, and let x2 be a smooth cutoff which is identically one for {|z| > 2R} and
supported in {|x| > R}. Then, we split u into pieces u;, = x1u and Uy = x2u. Here, R > Ry.
Since Proposition 4.2 is meant to be applied in the exterior {|x| 2 R} and Proposition 4.3
in the interior {|z| < R}, we will take a weight ¢ which is consistent with the former weight in
the interior and with the latter weight in the exterior. Since both weights feature parameters, we
must choose them consistently. In particular, we first take o sufficiently large, then we choose A
sufficiently large so that it works for both weights. Away from zero, the coordinates being radial

or log radial does not matter so much, and we choose ¢ such that
¢'(s) ~ min{\r~t, Xn(1 + )}, o"(s) = A, 1<s<InR.

Notice that such a choice is consistent with the weight conditions present in the prior proposi-
tions.
Now, we will apply Proposition 4.3 to u;, and Proposition 4.2 to uey,:. Evidently, we must

analyze the commutators [P, x1] and [P, x2], which are of the form

[P, x1] = O(R 'Lapar))V + O(R *Lar4r))

[P, x2] = O(R " L(gar))V + O(R *L(gar))-
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Applying the aforementioned propositions and the above estimate now give that

(431) (/) 2e20u,

1212 + H((p//)lﬂgplesouin‘ Loz + ”(gpl/r)e@uin“LfL%

S e Pull gz + NP xalull g + |6/ )22 Buuin

P2
S lle?Pullare + R le#Vull g
RNl + (02D

and
(4.32) Hr_l(l +¢'D)V2e# (r N (1 + ) uour vuout)‘ Lz,

+ Hr_l(l + )26 Dot .t R\? le?uoutll L,

S HQQOPUHLgL%R + R H€SDPUHLE§R
PP alulzre B2 NP ol + B2 04 e |,

S lefPullpzpz + RY? le” Pull s+ R le?Vull 2z + R~ le?ull g2 e

+ R e ul gy + B2 [leul gy + B2 (L4 ) 2t

213’

Multiplying through by R'/? in (4.32) yields that

(4.33)

H(l + (pi)l/ze‘p (r_l(l + ¢ Nuout, Vuout) H + H(l + go')l/Qe@@tuout
LE<p LE

%)
< r + He UoutHLE%R

S e Pully .+ e Pull e+ le?ull gy, + B2 |[(1+ &) 2 o

L3},
For (4.31), we utilize the properties of the weight to obtain that
(4.34) H(l + go'fr)l/Qe“" (r_l(l + @ tin, Vi) ‘ + H(ap’/r)”%“”@mm
LE<g L212
~1/2 1/2
SlePullu,, + B2 lePul gy, + (o) ) 2P0, , -
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For large enough R and )\, the middle term on the right absorbs into the left-hand sides of (4.33)
and (4.34); it is crucial here that the supports of the cutoffs x; and y3 have enough overlap so
that we may bootstrap. Combining this with (4.33), performing a similar absorption, then using
more of the assumptions on ¢ give us the estimate

1/2 -1 1/2
Ja+ e ze s @ va| @) et el

<R

S e Pull g, + e?Pull g+ R™2|[(1+ )22l (&) (1) 2 0y

_l’_
L21%

272
L33,

Since the weight is constant for r 2 R, the above becomes

H(l +@)V2e (rY (1 + ¢')u, V) HLE - H(l + go’)l/Ze“DatuHLE

S |le?Pullpps + R™3/2 H(l + 90/)3/2@0”‘

+ st eronl

272 272
LiLy LtL1g,§R

Now, we observe that

R3/2 H(l + 4,0’)3/26*’1&’

, ~ R R)||[(1+ ) 262l

R

L2L 213’

Since R~'¢/(InR) — 0 as R — oo, we can choose R large enough so that |[R™1¢/(In R)| < 4.

Similarly,
lr e 2eran)| , = ||(@r D@+ )T A )20+ e
Ltng-gR LtL154SR
~ -1 -1 1/2
T[T A D2+ e
t 15.53
Choosing A > 1/ completes the proof. O
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CHAPTER 5

Low Frequency Analysis

5.1 Introduction

In this chapter, we will establish a key local energy estimate in the low frequency regime. Let
Py = P‘tho = Dig”(t,z)D;.

This represents P at time frequency zero, and we will utilize it to obtain information in a neigh-
borhood of this frequency. Since 9; is uniformly time-like, Py is also uniformly elliptic. We will
establish weighted elliptic estimates for the flat Laplacian A in order to get similar estimates for
Py. The operator Py is a special case of that found in [27], so all of the results in their work apply
with almost no modification. We include the details here, following their steps throughout.

At low frequencies, the obstruction to local energy decay arises when P has a resonance at

frequency zero.

Definition 5.1. A function u is called a zero resonant state for P if u € L& is non-zero and

Pou = 0. If, in addition, u € L?, then we call u a zero eigenfunction.

Recall that the definition of the L£E space was provided in Section 3.7 (and the zero subscript
notation was described in Section 1.2).

For a general wave operator P, such resonant states are annihilated by P while having finite
energy. However, they also possess an infinite LE! norm when integrating in ¢ over [0, c0), which
violates local energy decay. Such states are ruled out in our context due to the uniform ellipticity
of Py.

A quantitative condition on the existence of such resonant states is as follows.
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Definition 5.2. P is said to satisfy a zero resolvent bound/zero non-resonance condition if there

exists some Ky, independent of ¢, such that
(5.1) |l g1 < Ko || Poul| -1 Vu e H.

Proposition 2.10 of [27] demonstrates that a stationary wave operator P has no zero resonant
states/zero eigenfunctions if and only if the zero non-resonance condition holds. In our problem,
this condition is satisfied due to the uniform ellipticity of Fp.

5.2 Weighted Estimates for the Flat Laplacian
To start, we will require numerous weighted estimates pertaining to the flat Laplacian, which

can also be found in [27] (Lemma 6.4).

Lemma 5.3. The inverse of the Euclidean Laplacian, A™', satisfies the following estimates for

u € S(R3)
ol vt
(52) ) | S 1wl e
—2458 s < _
(5.3) H(m) Vou ‘w <l Aul g s=1,2
(5.4) [(2)* Viullze S I{x) Aull e, 5=0,1,2.
Here,

V=Y 0%

|af=s

Proof. We will demonstrate the proof only on (5.2) and (5.3) with s = 1, as all other cases are

o0

similar. Let Au = f. By utilizing an appropriate partition of unity, one can write f = Z fj with
j=0
o
supp fj C {(z) ~ 27}, in which case we can also decompose u = Z uj, with Au; = f;. For each
j=0

such j, the fundamental solution to Laplace’s equation possesses an explicit expression

uj(x):_i fiy) 4o 1 / fiy)

in ) o=yl ¥ Tam ) Ty
Rm (y)~27
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We will start with (5.2). Given any fixed k € Z>¢, we apply the triangle inequality to write

0y € 1]
:;H P 4‘L2((x>~2k)

S

]>>k L2((z)=~2F)
+2 [0 '
;k L2((r)>2¥)

Splitting the sum in this manner will allow us to compare the weights in the norm with those
arising from the fundamental solution.

If j <k, then

2
_ 2 _ fi(y)
H(:U) 3/2 ’ ~ / (z)™3 / I gy | dx
L2((z)~2%) |z — |
(z)m2k (y)~2
. 2
S / (2]6)—3(2])3 / ||f](y)||2d d
x_
(z)mi2k (y)=27
2
~ / (2F)=5(27)3 / i)l 5 dydz
_ Yy
(z)m2k (y)~2 {a)
~ [ @r@® [ InwlPdd
(z)~2k (y)~2i
2
< (97 Joky2 1/2 o
< @2 5] L

2
< |[(z)Y? . .
= H<m> 1 L2({z)~29)

The case when j > k is similar.

When j =~ k , we first write

@72

=[xz tlal) (@) /2

L2((z)n2k) L2
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Since j = k, it follows that

) () 32w ()] = xor (|2]) ()2 M
(o) (@)™ ;@) = xox () (a) >/2_ LU
yz]

= xor(Jz]) ()32 / xos () Y

lz —yl
Rn

| yl
Rn

For further elaboration on the cut-off, if we say that, e.g. k — 1 < j < k + 1, then the triangle
inequality allows us to conclude the product of the cut-offs is smooth and supported in {|z — y| <
27}, since

0< |z —y| <27 428 <2+ < 9d,

By Young’s convolution inequality,

H ()72 uj‘ L2((z)~2k)

S @72 el o (2D o 15112

S @@ fill e ~ @7 5

(@)2i)

Summarizing our work, we have shown that

[@ 2,

)
.- 22‘3 | @Y 5]y sy S 1
independently of k. This concludes the proof of (5.2).

Now, we will establish (5.3) when s = 1. There are two primary differences between this case
and the prior case. The first is that both sides of the desired inequality feature an £E* norm, so
we now require summability on the left-hand side. The second is that we must take derivatives of
u, which will be handled using the increased decay rate of derivatives of the fundamental solution

(taking s derivatives yields a decay rate of |z|~17%).
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Given our expression for u;, we can calculate that

z—yf?
(y)~27
We will estimate
1 = —1/2
H<$>_ VUH[:@* ],kZ:OH / Vuj"L2(<:c>z2k)
igkz H 1/2VUJ‘ () ZZH
J= >>] 7=0 j=k
: az% kz«:] R

When j ~ k, Young’s convolution inequality now gives that

o5

L2 ((a)m2k) ™

and so

3 ExEZ

7=0 j=k

When k > j, we similarly have that

o

(z)~e2k ()i

S @2l ~ @) 1

2 ~ -1 fi(y)
I 2(@pary ~ / (=) / =

—-1/2 Vuj‘

L2((z)~s2k)

N2J)

dx

< ..
ooy S IFlce

(o)~2" W)~
()" wymar |1 <yT

X
)
\5‘
—~

[\

<

S~—
Z\Z

Sh

~~

=

Q
<

ISH

8
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which yields that

Mg

3P R

223 k H 1/2

2 ~ N
7=0 k>3 LA ((@)~2) ]:0 k>j )%20)
o0
~ 979—J H< 1/2
> x)R27)
7=0
Sl zes -

The case of k < j is analogous, and putting these estimates together directly yields (5.3) when

s = 1. The proofs of the remaining cases are highly similar to those already provided. O

5.3 Perturbative Estimates
Next, we establish various stationary local energy estimates related to the zero non-resonance
condition. These are rooted in perturbations of the weighted estimates for A given by Lemma 5.3.

Once again, we follow [27] (in particular, Lemma 6.5).

Proposition 5.4. Suppose that Py is asymptotically flat and satisfies the zero non-resonance

condition (5.1). Then, we have the following local energy estimates for u € S(R?):

(a)

(5.5) (@) ull cer S Ko ll(z) Poul| ze

-1 —1
(5.6) Kt Wb ullgen,, + lulees o+ |[60)7 Yl Ly, S IRoule

(¢) If Ry > max{Ry, Ko}, then
(5.7)

_ 1 _
Kt @) ulger, +lullee, o +H@7 V| SRl + V00| e,

K, R
o<l'I<Ry Ko<|-|<Ry

Proof. To prove (5.5)-(5.6), we will first prove the results in two special cases which will allow for

a perturbative proof in the general case.
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Case 1: If the operator is A, then (5.5)-(5.6) follow with K¢ = 1 via Lemma 5.3.

Case 2: Now, consider the case when Py is a small AF perturbation of A. Write Py = Digiij,

with ||§g — I|| 4 = 0 < 1 (here, I;; = 0;;), and notice that

A = By — D;h" D;,

= Py — h'D;D; — (D;h")D;,
where b = §il — mi. By (5.4) with s = 1,2 and Holder’s inequality,

@) Aulle. < |[(@) Pou| _, + ||@) B DiDju||__ + (@) (DA7)Dju|

3
2
< [ @) o ﬁg*+6ij21H<w> DiDyul|,_+31@) Voull e

< Iz P S \(z) Au| e |
< |6 Pou| . + 8 le) Al

with the right-most term being absorbable into the left-hand side. This establishes (5.5) for small

AF perturbations of A, and (5.6) is similar.

Case 3: Now, let Py be a general asymptotically flat operator satisfying the zero non-resonance
condition. Let Py be a small AF perturbation of A which agrees with Py for |z| > Ry, and con-
sider the operator ]50_ 1. This operator exists since it is a small perturbation of A, and A~! exists
(recall that the space of invertible linear operators is open). Next, consider Iaglpou. Notice that

we may apply (5.5) to this function using the operator = providing that
a:]s_lPuH < [[{z) Pou| sex -
(@) B pou| S @) Poul e

We will show that the same bound holds for the error in estimating u by Po_lPou. First, denote

U=u— lf’(flpou. Applying Py yields
P()ﬁ = (]50 - Po)po_lpou.

Observe that |z| > Ry, then Py = Py, which shows that supp Pyii C {|z| < Ro}. Since this
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set is compact, the weights can be ignored within this region, and we may consider standard L?
norms (the implicit constant will depend on Ry, which is permissible). Via the prior bounds, it
will suffice to prove (5.5) with @ on the left-hand side.

A key intermediate step to show is that
(5.8) [ Potl| zev S I1Poull ze- -
To see this, we note that if Py = Dfiij, then
(Po— Po)v= (37 — g")DiDjv + (Di(3"” — g”)) Djv.

Using (5.3) with s = 1,2 and that Py is a small AF perturbation of A (allowing us to apply the

work in case 2), we obtain that

3
- H—1 -1 p-1
1Byl e D 1HD,;DJ~PO P()UHLS*—FH<$> VP Poun
17]:

S

AP H
‘ 00Ul e,

< [[Arstan,,.

S [HPoull e -

Now, we move on to establishing (5.5) for @. By utilizing (5.1), Plancherel’s theorem, the Hardy
inequality, the compact support of Py, and (5.8), we get that
il < Ko | Patl s = Ko |1 Pot|, S Ko [VePua |, < Kol(o) Pol 3 S Ko |l -

S Ko || Poul| g -

Combining the above with an application of the Hardy inequality on the L? piece (again, the

weights do not matter when |z| < 2Rp}) gives
@) lles,, S Ko|(@) Pou

<2Rg £’
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For the exterior piece, write

Iz} @l e, = 1) X>2m0 Ul et -

>2Rgq

Applying (5.5) using x>ar, % and Py (which we may do since Py is a small AF perturbation) gives

@) xo2railcer S | (@) Poxszr| .

= ||(x) POX>2Roﬂ”£g*

S ) Poillex -+ [1(2) [P0, x>2Rro Ul e -
>2R

We compute that the commutator is of the form

I[Po, x>2r0)al S Rg ' Lizrg,are) (1911Val +[Vgllal) + Ro*Liary aryllgllal-

Since the terms are compactly-supported, the weights do not matter. Via another application of

the Hardy inequality, we finally obtain that

[| (=) X>2RofLHLel < (=) POfLHw;QRO + [[(=) [P07X>2Ro]71Hcs* < =) Poﬂ\lgg;mo + ||71”H1 :

The prior work for the H' norm allows us to conclude the proof of (5.5). The argument for (5.6)
is highly similar (and we have proven sufficient estimates on all of the relevant terms).

For (5.7), we define the function

i(2) = x<r, (lz)u(@) + 7 xsr (l2) (ru) Ry,

where (ru)g, denotes the average of ru over {|z| ~ R;}. Since Ar~—! = 0 away from r = 0, it

follows that

Pyt = x<pr, Pou + [Po, XRr, J(u — r’l(ru)Rl) + X>Rr, (ru)r, (Po — A)r’l.
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Next, we apply (5.6) to obtain the estimate
59 Kl s, sy, + 0 v
69 ) e, + oy, o+ @7 vl
S 1Pott] ge

S Poullge:, + Ry ([ V(u— T_I(T“)Rl)Hcs;gl

+ Rl_2 Hu - ril(ru)lﬁ HES}% + H(TU’)RJ (PO - A)Tiluﬁg*

>Ry

We will first bound the right-hand side of (5.9). Using the Poincaré inequality, we directly obtain
that

Rl_l HV(U — T_l(TU)Rl)Hcg;l + R1_2 Hu — fr_l(TU)Rl Hﬁg}ﬁ

< RI1/2 HV(U - T_I(TU)RI)HL% + R;3/2 Hu - 7“_1(7“u)R1 HL?ﬁ

SB[Vl R u = u)m

SR Ve

<Jorcl,,,

Next, we utilize asymptotic flatness to compute that
)y (Po = A g, S R I(ru)ml.

As for the left-hand side of (5.9), we check that

Kot e allger, =Ko @) uler,

- 1
Jilger ., 2 max(lull ey R ) ),
and
@' val| o~ @) v + R (rw) g |-
ES;KO ES;(O<H<R1 '
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Putting everything together provides us with

j@ v+ ETICwR

Ko<|-|<Rjp

S HPOUszngl + H<$>_1 V(TU)H £

Ko ) ull g, + H“Hcg}(od.‘@l

+ CR1_1|(TU)R1 ’
1

R
Since ¢ < 1, the right-most term absorbs into the left, which we then drop to obtain (5.7). O

5.4 The Low Frequency Estimate
Finally, we have the main theorem of the chapter (compare to Theorem 6.1 in [27]). The

damping plays an insignificant role here.

Theorem 5.5. Let P be an asymptotically flat damped wave operator, and suppose that 0y is
uniformly time-like. Then,

[ull g S 19sull gy + 1 Pull -

for all u € S(RY).
Once again, the implicit constant will depend on c.

Remark 5.6. The error term [|0yul[, g1 has the unfortunate effect of requiring information on
the size of first-order derivatives of J;u. However, this estimate will only be used when the time
frequency is close to zero, in which case this term will be absorbable into the left-hand side of the
inequality. Indeed, if we consider u € S(R*) with frequency support 0 < |7| < 79 < 1, then we

may apply Plancherel’s theorem to obtain that

10wl sy S 7o llul -

If 79 is sufficiently small, then we may absorb this term into the lower-bound side of (5.5) to

obtain local energy decay for such u. |

Proof. We will pair equation (5.7) in Lemma 5.4 with the exterior local energy estimate (2.2).
Choose Ry > Ry, Ko and let R € [Ky, R1] (we will specify a choice shortly). Applying Proposition

2.4 with the given R yields

lll s, < 100l iy + 1 Pull e -
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Next, we take L? norms of (5.7) in time to obtain

Ky' Moy ullpmy, +lullop, . SIPoullig:, +llulliey -

[[I<R

Combining the above two estimates and noting that ||'U/||LE11%1 < Hu||LE1>R give us
(610) K3l e, +llle, < 10wlze, + 196l + 1Pul s, + 1Pl

We must bound the gradient term, which will dictate the choice of R. Via (5.7), we have that

oo @, =@ v S IRl + e, -
logy Ko<j<log, Ry 27 Ko<|-|<Ry ! !
We choose R such that
1
Vu ~ H z) /2 Vu’ < H z) "2 Vu‘ .

log, Ko<j<log, R1
Combining the two previous inequalities together and taking L? norms in time give us that

1

< -
IVullp g, S HPOUHLEQRI + log,(R1/Ko) HUHLE}%l :

Applying this to (5.10) yields that

1
—1 < -
Ky H<x>uHLE1<KO + HUHLE;KO S N0sull gy, + 1Pull s, + HPOUHLE;R1 + log,(R1/Ko) HUHLE}{l :

The last term on the right absorbs into the second term on the left for large enough R;.

It remains to replace the Py on the right with P. This is straightforward, since
Py=P - Dyg"D; — Dig%D; — D;j¢’°D; — iaDy,

which implies that

HPOUHLE;R1 Sk ”PUHLEle + Hatu||LE1<R1 '
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CHAPTER 6

Establishing Local Energy Decay

In this section, we prove Theorem 1.8, local energy decay. In order to establish local energy
decay for non-trapped waves, the authors in [27] first proved a version of local energy decay where
one removes the Cauchy data at times 0 and 7. This makes it significantly easier to perform fre-
quency localization. We will prove this result here; the corresponding theorem in [27] is Theorem

7.1.

Theorem 6.1. Let P stationary, asymptotically flat damped wave operator satisfying the geometric

control condition (3.1), and suppose that 0y is uniformly time-like. Then, the estimate

(6.1) ||U”LE1 S ||PUHLE*

holds for all u € S(R*).

This is where we will apply our high, medium, and low frequency analyses. For this reason,

the implicit constant will depend on c.

Proof. We will utilize a time-frequency partition of unity. In particular, we let 0 < 79 < 1 and
71 > 1, so that Remarks 1.5, 4.5, and 5.6 apply (which hold as a consequence of Theorems 1.6,

4.4, and 5.5, respectively). Then, we can write

3
U = X|r|<ro (Dt)u + Xro<|r|<T1 (Dt)u + X|r|>m1 (Dt)u =: Z qu'
j=1
From the aforementioned remarks, we directly obtain that
3
lull e S I1Pull e + Y TP Qjlull - -
j=1
Since the metric is stationary, the above commutators are zero, allowing us to conclude. O
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If the metric is non-stationary and one has high, medium, and low frequency estimates in such
a context, then the commutators in the above proof are non-zero. Provided that the operator
is “almost-stationary” (see Definition 1.2 in [27]), the proof is more involved; see the proof of
Theorem 7.1 in [27].

Armed with Theorem 6.1, we may proceed with a proof of Theorem 1.3. This is nearly identi-
cal to a proof given in [27] to establish a “two-point” local energy estimate (they did not necessar-

ily possess a coercive energy nor a stationary wave operator).

Proof of Theorem 1.8. Let Pu = f. We first observe that we are guaranteed an intermediate

estimate

10ull oo p210.7 S € lull o,y + [10w(0)]] 2 + e’ Il L2 r20,7)
for any € > 0 by Corollary 2.3. Hence, we only need to show that
(6.2) H“HLEl[O,T] S [0uw(0)]] 2 + HfHLE*JrLtng[o,T] )

in which case we may combine the above with the prior inequality and choose ¢ sufficiently small.
In fact, we only need to demonstrate this when suppu C {r < T'}.

Indeed, we first write that

lull 1oy S HUHLETlST[O,T] + HuHLEleT[O,T] :

If 27 = T, then we first may take a supremum in time, apply the Hardy inequality, then apply

Corollary 2.3 to get that

. 1/2
—1 —=31,,12
€T u = su T u|® dxdt
L K
0 A
. 1/2
5 sup / T_1|u/7“|2 dxdt
kzj 0

LS

k
S HU/T”L;;OLg[o,T] S HaUHLtOOLg[o,T}

S [0u(0)l 2 + et ”fHLE*JrLng[O,T] t+e HUHLEl[O,T} )
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where ¢ > 0 is arbitrary. The work for the derivative is similar (no need for the Hardy inequality

here). Combining with the prior estimate, we get that

lull g1y S HU||LE;<T[0,T] + [|0u(0)]| 2 7" Il Lgesrir2i0,m + € lull Lo, -

By choosing ¢ sufficiently small, we can see that it suffices to prove (6.2) when r < T.
Suppose that v matches the Cauchy data of u at times 0 and T. After approximating u by
Schwartz functions, u — v satisfies the conditions of Theorem 6.1. Applying (6.1) to u — v yields

that

lull pgror) S Ivllper + llu = vllppr S0l + 1P(w =o)L g- -

If v also satisfies that

vl gt + If = Pollpge S 10u(0)]| 12 + HfHLE*-rL}Lg[O,T] )

then the proof is complete. It remains to construct such a v. We will consider two overlapping
regions in space, after which one can readily paste the constructions together via a partition of

unity.

1. Ry := {r < 4Ry}. This region is dealt with exactly how we performed the case reductions
(#2-3) to zero Cauchy data in Section 3.5: utilize a unit time interval partition of unity,
restrict the forcing to such intervals, then match the initial (respectively final time) data on

the first (respectively last) solution granted by the partition.

2. Ry := {r > 2Ry}. In this region, P is a small AF perturbation of O. Since we will con-
struct a function localized here, no generality is lost in assuming that P is a small AF
perturbation of O everywhere. In particular, we may ignore the damping in this context.
Further, we may assume that u[T] = 0 and supp f C {t < 3T/4} by a time-reversal argu-
ment (otherwise, we utilize a partition of unity in time and run through the argument below

backwards in time with the Cauchy data being at time 7).

Let P be a small AF perturbation of O which equals P for |z| > Ry, and consider the
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Cauchy problem
Pw = f, w[0] = u|0].

Due to the assumptions on P, it satisfies local energy decay:
(6.3) lwll g0z + 10wl Lo 2107 S NOWO) [ 2 + Il L4 L3 220,17 -
Next, we truncate w to obtain the function

v(t,x) = Bar(t)X>r, (|2))w(t, 2),

where S is smooth, supported in [0, 7], and identically one on the support of f. Applying
the local energy decay estimate for P to v instead and applying the Hardy inequality yields

the estimate

[0l S 10u(O)l L2 + 1Pvll gy £z

SNOwO) 2 + I/l gy riz2om + I1f = Poll - -
It remains to establish an acceptable bound on ||f — Pvl|, g.(o 71 - Notice that
Po(t,x) = f(t,x) = [P, x<ro ([2])] B« (H)w(t, ) + X>ro (|2]) [P, B<r (D)]w(t, z).

The first term is readily bounded above in LE* by a multiple of ||wl| g1 7. For the second
term, we observe that it is supported in Qr = {(t,z) : 37/4 <t < T, Ry < |z| ST} We

immediately have the bound

[P, B<r(®)|wl g S TP 5<T(t)]w”L§°L§(QT) :
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By the Hardy inequality and (6.3), we can bound the right-hand side of the above as

TP, 5<T(t)]w||L§°Lg(QT) ST ||w||L;>°Lg(QT) + ||8U)HL;>°L§(QT)
S (ho/rll g aoryaay + 100N e s2jorya)
S ”8w||L§°L§

S N0uO) e + 1f 1 Loz £2707) »

which proves the desired inequality in this region.
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